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NONCOMMUTATIVE MATRIX JORDAN ALGEBRAS

ROBERT B. BROWN AND NORA C. HOPKINS

Abstract. We consider noncommutative degree two Jordan algebras Jf of

two by two matrices whose off diagonal entries are from an anticommutative

algebra S? . We give generators and relations for the automorphism group of

<f and determine the derivation algebra Der,^ in terms of mappings on 5? .

We also give an explicit construction of all Sf for which Der J does not kill

the diagonal idempotents and give conditions for nonisomorphic S? 's to give

isomorphic f 's.

1. Introduction

All of the algebras and vector spaces under discussion will be over a field k,

char k ^ 2. Note, however, that we are not assuming finite dimensionality and

we are not assuming that the algebras are associative.

Suppose 5? is an anticommutative algebra having a nondegenerate symmet-

ric bilinear form B which is associative, that is,

(1.1) B(aß,y) = B(a,ßy)

for all ajjey. Suppose further that s, t £ k with st ^ 0. We define a

new algebra f = /(S?, B, s, t) as

f-{(Uß   l):a,b£k,a,ß£^

with addition and scalar multiplication defined componentwise and multiplica-

tion defined by

.. „. (a    a\ (c    y\  _(ac + B(a,S)     ay + da + tßo\

[     ' \ß   b)\ô   d) -~ \cß + ba + say    B(ß, y) + bd ) '

It is easy to check that with these operations ^ is a noncommutative Jordan

algebra, that is, for all xje/

(1.3) x(yx) = (xy)x,

(1.4) x2(yx) = (x2y)x.

These algebras were introduced in [4] as a generalization of the Zorn matrix

construction of the octonions O.
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Example 1.5. Take ¿7 = k3, three-dimensional vectors over k, with the vector

cross product as the algebra multiplication. Define 5 on y by B(a, ß) =

-a • ß, where a • ß denotes the dot product of a and ß. Then ^ —

./(S?', B, 1, 1) is the Zorn matrix construction of the split octonions O (see

[2]).

These generalizations of O were futher studied in [5]. Note that the Zorn

matrix realization of O in Example 1.5 makes the computation of G2 as Der O

easy (see [2]), where the derivation algebra Der^T of f is the Lie algebra of

all D £ Endfc ¿f satisfying

(1.6) (xy)D = (xD)y + x(yD)

for all x ,y £ f . Our goal in this paper is to compute Der,/" for all f whose

product is given by (1.2) and to also compute the automorphism group

AxAf := {A £ GL(f) \ (xy)A = (xA)(yA) for all x, y £ f]

of^.
The assumption that B is nondegenerate is motivated by the following result

from [4]:

Theorem 1.7. f is simple if and only if B is nondegenerate.

Since the nondegeneracy of B will be preserved by field extensions, we get

the following corollary:

Corollary 1.8. f is central simple.

If x = (g ¿), then x satisfies the quadratic equation

x2 - (a + b)x + (ab - B(a, ß))I = 0

where / = (¿ , ) - Hence <? is a degree two algebra (see [3] for the definition).

We also note that if y = (¿ yd), the bilinear form C( , ) on ^ defined by

(1.9) C(x, y) := trace(xy) = ac + bd + B(a, S) + B(ß, y)

is nondegenerate, symmetric, and associative. Hence if we let 5? be ,/ with

the product [x, y] :— xy - yx we can construct a new Jordan algebra f =

f(&,C,s',t').
The organization of the paper is as follows: In §2 we give a basic decompo-

sition of Der^ in terms of

'■H(í-')-(»))
(Theorem 2.9) and characterize & in terms of mappings on 5? having certain

properties ((2.1), (2.2), and Lemma 2.4). In §3 we show that the codimension

of ¿/ in Der^T is 0, 2, or 6 (Theorem 3.8) and in fact, if dimJ^ > 4, this
codimension, codim "§, is either 0 or 2 (Theorem 3.4). We give instances
in Example 3.6 of algebras S? for which dim 5? > 4 and codim 3? = 2. In
§4 we show that if dim5? > 4 and codimS? = 2, then 5? is one of the
algebras constructed in Example 3.6 (Theorem 4.2) and we compute Der^

for these algebras (Corollary 4.6). In §5 we give generators (Theorem 5.7 and

Corollary 5.8) and relations (Proposition 5.9 and Proposition 5.13) for Aut^ .

We explicitly calculate AvXj" when S* is one of the algebras constructed in
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Example 3.6 (Theorem 5.12 and Proposition 5.13). §6 concerns conditions for

two of these matrix Jordan algebras to be isomorphic and §7 concerns results
on Der^ and Aut^ when 5 = 0 or t = 0.

The second author wishes to gratefully acknowledge the support of Indiana

State University Summer Research Grant 2-29237 during the course of this

research and the hospitality of Ohio State University. She also wishes to thank

Joe Ferrar for several helpful discussions.

2. Derivations

Let W be the set of (Dx, D2) e End^ © End*.^ satisfying

(2.1) B(yDl,ô) = -B(y,âDj),

(2.2) (yâ)Di = (yDj)ô + y(ÔDj)

for all y, â £ S?, where i, j - 1,2 and i ^ j. & is a Lie algebra with
the Lie bracket given by [(Dx, D2), (Ex, E2)] = ([Dx, Ex], [D2, E2]) and has
a faithful representation on J" = J"(S^, B, s, t) defined by

a   a\ /r,    ^ N      (   0      aDx
(2-3) ^   l)(Dx,D2):=KßD2      0

for all (g ab) £ f . The following lemma is a straightforward verification that

(Dx, D2) acts as a derivation on f .

Lemma 2.4.  & ç Der^ where the action of 'S on ,/ is given by (2.3).

For S? and B as in Example 1.5 sl(k, 3) s % [2], where A* (A, -A'),

so dim & - 8 . Since dim Der 0=14, clearly there are derivations of O not

in ^, i.e., & 9¿ Der^ . For a £ k let Fa be the linear subspace of all ae^
such that for all y, ö £ S?

(2.5) aa(yô) = B(a,y)ô-B(a,S)y.

Lemma 2.6.  a £ Va if and only if for all y ,6 £¿f

(2.6.1) a(ay)ô = B(y,ô)a-B(a,ô)y.

Proof. Suppose a satisfies (2.6.1) for all y, ô £ S?. Then for all y, S, e £ S?

-aB(y, a(ôe)) = - aB(ya, Se) = aB(ay, Se) = aB((ay)ô, e)

= B(y,ô)B(a,e)-B(a,ô)B(y,e)

= -B(y,B(a,â)e-B(a,e)â)

since B is associative and S? is anticommutative. Hence, by the nondegen-

eracy of B, aa(ôe) = B(a, ô)e - B(a, e)ô which is (2.5). The converse is

similar.

Another straightforward verification using Lemma 2.6 gives the following

result.

Lemma 2.7. Suppose a, ß £ Vst. Define Eaß£ End,/ by

(c    y\ __(-B(ß,y)-B(a,S)      (c-d)a-tßa
K¿-IA}        \ô    d)    a'ß-~\     (c-d)ß+say        B(ß,y)+B(a,S)

Then Eatß £Verf.



140 R. B. BROWN AND N. C HOPKINS

Clearly Ea,ß<t& if a ¿ 0 or ß ¿ 0 since

(2.8) (¿ _°, )*.,-*(; s
Also by (2.8) dim & = 2dim F5i for ¿F := {£Q>/) | a, ß £ Vst}. For & and
5 as in Example 1.5, Vx = S?, giving dim^ = 6 and so Der O = "§ ® %f
as a vector space. Note that 3? is not a subalgebra in this case. The same

decomposition of Der^T holds in the general case:

Theorem 2.9.  Der,/" = & ©ßf as a vector space, where %? := {Ea ß \ a, ß £

Vst}-

Proof. Lemmas 2.4 and 2.7 establish %? © %? ç Der/" . To finish the proof

we must show that if D e Der^, then D e & © %?.   Therefore, suppose

D £ T>trf .  (¿ °X)D = (o o) since (o i ) is the identity of f. Since (¿ _°, f =

(¿ °x), if (¿ _0j)Z> = (£ ¿), then the derivation condition (1.6) gives

0   0\_(a   a\(l     0\     (\     0 \ (a   a

0   0)-\ß   b)\0   -lj + ^0   -lJU    *

so 2a = 0 and —2è = 0. Hence

<»•» (i-°.M!s)
for some a, ß £5?. Now define mappings £>i i, D22 ,£11, £22 from ^ to A:

and mappings D12, £>2i, £12, E2X from 5? to S? by

(2 9 2) (°   y>U=fyZ)l1    yZ)l2

and

<>■»>        (ssmî£îë)
for all y ,6 £ S^. We will use the derivation condition (1.6) to show a, ß £

Vst, (Dx2,E2x)£&,andD = (DX2, E2X) + {-Ea,ß , thus showing D e 9©¿F.

Using (1.6) and definitions (2.9.2) and (2.9.3) on (s°?â g) = (g g) (g *) yields

for all y, ô £ S"

(2.9.4) s(yô)Exx = B(y, ÔD2X),

(2.9.5) 5(y¿)£22 = 5(7D2i,á),

(2.9.6) s(yS)Ex2 = (yDxx)ô + (ÔD22)y,

(2.9.7) i(yá)£2i = s(yDX2)ô + sy(¿A2).

A similar computation using (g ty0s) = (J g) (JJ) yields for all y, ¿ e S?

(2.9.8) ?(y¿)Ai= ^(y^n, ¿),

(2.9.9) í(y¿)Z)22 = /*(y,á£12),

(2.9.10) t(yô)D2x = (yE22)â + (ÔExx)y,

(2.9.11) r(y*J)Z>12 = t(yE2x)ô + íy(¿£2.).
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Now since (g g) = (¿ _°,)(g J), we see by (1.6) that

141

yD2x \say,

yD22=x2B(ß,y),
(2.9.12)

(2.9.13)

and since (g ~0y) = (g 70) (¿ _°, ), we see that

(2.9.14) yDxx=-x2B(ß,y).

Similarly (> ̂ Q = (_°y g) and Q(¿ _°.) = Q give

y£n =-^ß(a, y),

y£i2 = -\tßy,

V

(2.9.15)

(2.9.16)

(2.9.17)

Hence

y£22 = {B(a, y).

and

Thus, since

we get

(2.9.18)

0   y
0   0

0 y
0 0

0 0
ô 0

0   0
S    0

/) =

D =

-\B(ß,y)       yD12

¿say

-x2B(a,ô)

ÔE2X

\B(ß,y)

-\tßö
x2B(a,ô)

1
B(y,ô)

1    0
0   1

+

B(yDx2,â) + B(y,ÔE2x) = 0,

and (2.6.1) for a and ß with a = st. Hence a, ß £ Vst. Also (2.9.7) and
(2.9.11) show that (DX2,E2X) satisfies (2.2), and (2.9.18) is (2.1) for (DX2,E2X)

so (DX2,E2x)£j?.

Finally, let D = D- (Dx2 , E2X) £ T>trJ , i.e.,

1    0
0    1

and

Then

D =

0   y
0   0

0   0
5   0

0   0
0   0

D =

D =

(i-°.Mîs)-
HA, y)

-±/?(a,¿)

HA'y)

|fi(«,¿)

D
-B(ß,y)-B(a,5)       (c-d)a-tßo

(c-d)ß + say        B(ß,y) + B(a,S)

so D

done.

l-F
S   dl 2  a'>

\Eatß £ ¿F. Hence D = (Dx2, E2X) + \Ea<ß e J? © ¿F and we are
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Corollary 2.10.  Der/' = S iff Vst = {0}.

Corollary 2.11. If D £ Der/ and (¿ \)D = (°ßa0), then a, ß £ Vst and

D = \Ea,ß + F for some F £ "§.

The following result is another easy verification using Theorem 2.9. Recall

that C(x, y) is the nondegenerate symmetric bilinear form on f defined by

(1.9).

Proposition 2.12. Let ^c = {P> e End/ | C(xD,y) = -C(x,yD) for all
x,y£f}. Then Der/ C £fc .

3. Dimension of Vst

Lemma 3.1. Suppose dimJ^ > 1 and Va ̂  {0}.  Then a ^ 0 and Vb = {0}

for all b ^ a.

Proof. Suppose a £ Va with a ^ 0. Then, by Lemma 2.6, a(ay)S = B(y, S)a-
B(a,ô)y for all y, Ô £ S?. If a = 0, then B(y, ô)a = B(a,ô)y for all
y ,6 £<¥, which is impossible since dimS? > 1 . Now suppose ß £ Vb where

b ¿ a . So, by Lemma 2.6, b(ßy)ö = B(y, S)ß - B(ß, ô)y for all y, ô £ S?.
Hence using (2.5) for a yields

bB(a, ß)a-bB(a,S)ß

= aba(ßa) = -ab(ßo)a = -aB(ô , a)ß + aB(ß , a)ô ,

so (b - a)B(a, ß)S = (b - a)B(a,a)ß for all ô £ &. Since b £ a, we

get B(a, ß)ö = B(a,o)ß for all ô £ S". If ß ¿ 0, choosing <5 linearly
independent of ß gives 5(a, ß) = 0 = 5(a,á), so ß(a,o) = 0 for all

ô £ S?, contradicting the nondegeneracy of B . Thus ß = 0 and Vb = {0} .

Remark 3.2. Lemma 3.1 explains why / = /(J?", B, 1, 1 ) is not isomorphic

to /> - /(^, B ,\,-\) for J/7 and B as in Example 1.5, as noted in [4],

since Der/ = J? © ¿F with dim ¿F = 6 and Der,/, = S? by Theorem 2.9,
Corollary 2.10, and Lemma 3.1.

Lemma 3.3.   Va is a subalgebra of S?.

Proof. If dim,5^ = 1 or Va = {0}, the result is obvious, so suppose dim^ > 1

and Va ̂  {0}. By Lemma 3.1, a ^ 0. Choose s, t £ k with st = a ^ 0.
Then if a,/? e Fa , we have EaJ,Eß,a £DerJr,Jr=Jr(.9?,B,s,t),and

hence [£Q)/?, £>„] e Der/". It is easy to check that (¿ \)[Ea,ß , EßtCt] =

2(2s°ßa 2,$a), so, by Corollary 2.11, ßa £ Vst = Va . Hence Va is a subalgebra.

Theorem 3.4. // dim S? > 4, then dim Va < 1.

Proof. By Lemma 3.3 if a, ß £ Va, aß £ Va , so by (2.5)

(3.4.1) a(aß)(yö) = B(aß , y)ó - B(aß, ô)y

for all y, ô £ S*. Since a £ Va, Lemma 2.6 give a(aß)(yo) = B(ß, yô)a -

B(a, yo)ß so this and (3.4.1) give

(3.4.2) B(aß , y)ô - B(aß , ô)y = ß(ß , yô)a - B(a, yö)ß

for all a, ß £ Va and all y, ô £ S".
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Now suppose by way of contradiction that a, ß £ Va are linearly inde-

pendent. Since dim¿5^ > 4, there are y, ô £ S? so that {a, ß, y, ô} is

linearly independent. Hence B(aß, y) = B(aß, ô) = 0 and since B(aß, a) =

B(ß, a2) = 0 = B(a, ß2) = B(aß, ß), we see aß = 0 by the nondegeneracy of

B and so (3.4.2) becomes 0 = B(ß, yô)a-B(a, yo)ß for all y,öc.S". Since
a and ß are linearly independent, we get B(a, yô) = B(ay, 3) = 0 for all

y, ô £ S?, so again using the nondegeneracy of B gives ay — 0 for all y £5".

But then a(yS) = 0 for all y, <S e S*, so by (2.5) 0 = 5(a, y)<* - 5(a, 6)y
and choosing <5 linearly independent of y shows J5(a, y) = 0 for all y £5?.

Thus a = 0, contradicting the choice of a and /?. Therefore, dim Va < 1.

Remark 3.5. If dim¿?" > 4, Theorem 3.4 implies Lemma 3.3, and in fact
Theorem 3.4 can be proven without using Lemma 3.3, as follows: If a ^ 0 is in

Va , let a1- := {y\ B(a, y) = 0} . If y e a-1 and ¿ £ S? with 5(a, S) ¿ 0, then,

by (2.5) aa(yô) = -B(a, ô)y. This, and the fact that B(a, aa) = B(a2, o) =
0 for all uey, proves that a1- = {aa \ a £ S?} .

Now suppose by way of contradiction that dim Va > 1 and choose ß £

Va, ß ¿ 0, with B(a, ß) = 0. Then a £ ß1- and a = ßa for some a £ 5?.

If y is such that B(ß, y) — B(o, y) = 0 then, by Lemma 2.6, aay = a(ßa)y =
B(a, y)ß - B(ß, y)o = 0, so codim{y| ay = 0} < 2 (where codim is the

codimension). Hence dim a-1 < 2 and so dim «5^ < 3.

The next example shows that there are numerous (5?, B) 's for which dim S'

> 4 and dim Va = 1.

Example 3.6. Let W be a vector space of dimension at least three and having

a nondegenerate symmetric bilinear form B for which there is an A £ GL(W)

such that A2 = ci for some nonzero scalar c and B(yA, <5) = -B(y, <M) for

all y, S £ W. Note that the existence of such an A forces dim W to be even

if dim W < oo, since (y, ¿) := B(yA ,3) is a nondegenerate skew symmetric

bilinear form on W, and nondegenerate skew symmetric forms only exist on

even dimensional spaces.

Let 5? = ka © W, fix d £k,d ^ 0, and extend ß to ^ by

5(aa + y , ba + <5) := abed + 5(y, ¿)

for y, ô £ W. Define a multiplicaton on SP by

(3.6.1) (aa + y)(ba + 5) := B(a, Q)"15(yy4, ¿)a + (aa - by)A

for y, ô £ W. With this multiplication 5? is an anticommutative algebra, B

is associative, and ka = Vd .

Finally we consider the possibilities when dim ¿5^ < 3 .

Proposition 3.7. (i) // dim£? = 1, then £? is abelian and S? = Vx ,so dim Vx =

1.
(ii) If dim3* = 2, then 5? is abelian and Va = {0} for all a £ k .
(iii) If dim J?* = 3, then either 5? is abelian and Va = {0} for all a £ k, or

5? is simple and 5? = Vd for some d £ k, in which case ¿P is a Lie algebra

of type Ax and B is a multiple of the Killing form. Thus dim Va = 0 or 3.

Proof. Since 5? is anticommutative, a2 = 0 for all a £ 5e. If a, ß £ S?,

then B(aß , a) = B(ß , a2) = 0 = B(a, ß2) = B(aß , ß) since B is associative,

so aß is orthogonal to both a and ß relative to B. This shows that 5? is
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abelian if dim^ = 1 or dim,? = 2. Then if dxmS? = 1, (2.5) is trivially
satisfied with a = 1, so 5? = Vx.

If «5* is abelian and d'rmS^ > 1, then (2.5) gives B(a, y)ô = B(a, ô)y for
all a £ Va, y, S £ S?, so choosing y and ô linearly independent of each other

gives B(a, y)I = 0 for all y £ S?. Thus a = 0 and Va = {0} .
This only leaves the case dim,? = 3 , <? not abelian, to be considered. Let

{a, ß, y} be an orthogonal basis of 5?. Then aß = ay, ßy — ba, ya = cß

for some a, b,c £ k. Now using the associativity of B gives aB(y, y) =

B(aß, y) = B(a, ßy) = bB(a, a) = B(ß , ya) = cB(ß, ß). A straightforward

verification shows that S" = Vd with d = -B(a, a)a~xc~x. But then by (2.5)

5? satisfies the Jacobi identity and hence must be a Lie algebra of type Ax

since 5^ is not solvable. Since B is associative and 5? is simple, B must be

a multiple of the Killing form.

Theorem 3.8. For all a £ k dim Va = 0, 1, or 3, and dim Va = 3 for some

a £ k iff S^ is a Lie algebra of type Ax.

Proof. This follows from Theorem 3.4 and Proposition 3.7.

4. The dim Vst = 1 case

In this section we will show that if dim,? > 4 and dim Va = 1 for some

a £ k, then ¿7 is one of the algebras constructed in Example 3.6. We will also

compute Der/(^, B, s, i) in this case.

Lemma 4.1. Suppose dim J^ > 4 and dim Va = 1. Then 5? is simple.

Proof. Suppose / < S? with / ^ {0} and suppose O^ye/, 0 ^ a £ Va, and

¿67? with B(y, S) ^ 0. Then (ay)S £ I and B(a, ô)y £ I, so by Lemma
2.6 B(y, S)a £ I, giving a £ I. Now choose ô £ S? with B(a ,6)^0. Then
for all n £ S?, a(an)S - B(n, ¿)a = -B(a, S)n £ I, again by Lemma 2.6, so

n £ I and / = &.

Theorem 4.2. Suppose dimJ?7 > 4 and dim Va = 1. ZTzen «5* ¿s the algebra
constructed in Example 3.6. Hence if d'\mS? < oo, dim,? ¿j oöW.

/Voo/. Suppose Va = ka. First suppose 5(a, a) = 0. Then there is a ß £S?

with 5(a, jff) = 1 = ß()3, a) and B(ß, ß) = 0. We can decompose S"
relative to B as 5? = (ka © kß) ± W. Then for y, ô £ W we get the

following from (2.5) and (2.6.1):

(4.2.1) (ay)Ô = a~xB(y,ô)a,

(4.2.2) a(aß) = -a~xa,

(4.2.3) ß(ay) = a~xy.

Now suppose aß = ca + dß + n for some r\ £ W. Then c = 5(a/?, /?) =

B(a, ß2) = 0 and rf = ß(a^, a) = 5(£, a2) = 0, so aß £ W. By (4.2.2) and
(4.2.1) for â £ W

aS = -a[a(aß)]o = -aa~xB(aß, ô)a = -B(aß,o)a,

so by (4.2.3) ß(aS) = a~xS = ß[-B(aß, S)a] = -B(aß , S)ßa . Thus dim W

= 1 and dim J/7 = 3 , contradicting the hypothesis dim,? > 4. Hence no such

5? exists.
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Thus B(a, q) t¿ 0. Again we decompose ,? relative to B as <? = ka ± W

and get the following from (2.5) and (2.6.1) for y, ô £ W' :

(4.2.4) a(yô) = 0,

(4.2.5) (ay)ô = a~xB(y, â)a,

(4.2.6) a(ay) = a~xB(a,a)y.

Now suppose y, ô £ W and yô = ba + r¡ for some n £ W. Then by (4.2.4),

0 = a(yá) = a(ba + n) = an. Hence using (4.2.6) gives 0 = aO = a(an) =

a~xB(a, a)n, so n = 0 and yô — ba for some b £ k. In fact, bB(a, a) =

B(yô, a) = B(ô , ay), so b = B(a, a)~xB(ay, ô). Thus for ail y, ô £ W

(4.2.7) yô = S(a, a)~xB(ay, ô)a.

If y £ W and ay = ca + n for some r\ £ W, by (4.2.5)

a_15(y, y)a = (ay)y = (ca + n)y = cay + ny

= c(ca + n) + B(a, a)~xB(an, y)a

= [c2 + B(a, a)~xB(at], y)]a + en

by (4.2.7), so a~~xB(y, y) = c2 + B(a, a)~xB(ar¡, y) and cr¡ = 0. Hence either

c = 0 or 77 = 0. But if n — 0, ay = ca, so by (4.2.6) y = aß(a, a)_1a(ay) =

aB(a, a)-1ca2 = 0. Thus n ^ 0 so c = 0 and ay = n £W and /?(a>/, y) =

a~ ' ß(a, a)5(y, y). Hence for y £ W,

(4.2.8) ay = n   for some t] £ W, where B(ay, n) = -a~xB(a, a)B(y, y).

Note that since n = ay, B(ay, ay) = -a~xB(a, a)B(y, y).

S? is simple by Lemma 4.1, so W = aW since W2 ç &a by (4.2.7). Let A :
W —► W be defined by y A = ay , so we have B(yA, y A) = -a~xB(a, a)B(y, y)

and /Í2 = a_15(a, a)/ by (4.2.6), and we get from (4.2.7) and (4.2.8) that

(4.2.9) (ca + y)(da + Ô) = B(a, a)~xB(yA, ô)a + (cô - dy)A,

which is (3.6.1). As noted in Example 3.6, dim W is even if dim W < 00, so
dim,? is odd.

We need two lemmas for the computation of Der/(,?, B, s, t).

Lemma 4.3. If a £ Va and (Dx, D2) £ &, then aDx, aD2 £ Va .

Proof. This is a straightforward verificaton done by applying Dx  and D2 to

(2.5).

Lemma 4.4. Suppose dim,? > 4 and dim Va = 1. Define n : 5? —> End,?
by (Dx, D2)n := Dx. Then & s &n s S? © A:c, w/zm* ̂  w a symplectic Lie

algebra with al = 0 „/or <z// / e .?, a e 1^, a«ß? c is a central element of &

defined by

(4.4.1) (ba + y)c := ba - \y

for all y £ S? such that B(a, y) = 0, a£Va.

Proof. By Theorem 4.2 if Va — ka, then ,? = ka _L W relative to B and the
multiplication in ,? is given by (4.2.9), where A £ GL(W) is defined by y A :=
ay and satisfies A2 = a~xB(a, a)I and B(yA,yA) = -a~~xB(a, a)B(y, y)

for all y £ W. Then (y, ô) := B(yA, ô) is a nondegenerate skew-symmetric
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bilinear form on W. Let & := {D £ End W\(yD,S) = -(y,_SD) for all

y,ô £\V) and define D £ End,? for D £ EndW by (aa + y)D := yD for

all y £ W. Then if D £ SC, it is easy to check that (D, A~XDA) £ %? and

D h-> (/), A~XDA) is a homomorphism of Lie algebras. Also (c, -c) £ %? so

i? © fcc is isomorphic to a subalgebra of %? .

Conversely, suppose (Dx, D2) £ "&. By Lemma 4.3, aD¡ = a¿a for some

a¡ £ k. Since B(aD¡, a) = -B(a, aDj) we see ax — -a2. Moreover, if

y £ W and y A = b¡a + y,, then B(yD¡, a) = -B(y, aDj) implies b¡■ = 0,

so WDi ÇW. Let (Ex, E2) = (Dx, D2) - ax(c, -c), so (Ex, E2) £ & and
aEi — 0 for i = 1, 2. Then for y £ W, (ay)E¡ = (aEj)y + a(yEj) = a(yEj)

implies y^4is,- = yEjA, i.e., Alw = A~XDA for /) := isi|jp, so (£i, £2) =

(D,^-1/)^). Also for y,¿ € W, 0 = ß(a, a)"'ß(y^, ô)aE2 = (yô)E2 =

(y£i)a + y(<5£i) = ß(a,a)-1[ß(y£i^,a) + -ß(y^,i£1)]a,so De'? and we
are done.

Theorem 4.5. Suppose dim,? > 4, dimFa = 1, / = Z^, B,s,t), st =
a, and c £ End,? ¿s ûfe/wi«/ ¿n> (4.4.1). 77íí>m [¿F © fc(c, -c)] « Der/ is
isomorphic to 5/(2, fc), w/zere ̂  = {/s^la, ß £ Va), £Qj/? defined by (2.1 A).
Moreover, «?<Der/ 50 Der/ is the direct sum of an sl(2,k) ideal and a

symplectic ideal.

Proof. A straightforward verification shows that if a,, /?, £ Vst for ¿=1,2,

then [Eaitßl, £a2;/?2] = £>,Q + (Dx, D2), where ^ = 2tßxß2, a = 2saia2 , and

(A , A) e ^ is defined by yA := 2B(ß2, y)a, - stß2(axy) - 2B(ßx, y)a2 +
stßx(a2y) and yD2 := 2B(a2, y)ßx - sta2(ßxy)-2B(ax, y)ß2 +stax(ß2y) for

all )>g7?, and it is easy to check that if a, ß £ Vst and (Dx, D2) e S?, then
[Ea ß, (A ) A)] = Ea> ßi, where a' = a A and ß' = ßD2, which are both

in Vst by Lemma 4.3. Since al = 0 for all / £ S? ç ^t: and (c, -c) is a

central element of ^, we see that Sf < Der/. Since dim Vst = 1, dim^ = 2

and ^* is spanned by {Ea¡o, Eo,ß} > where a, ß are nonzero elements of Vsl

with ß = B(a, a)~xa. Hence ßV © k(c, -c) is three dimensional and by the

previous formulas [£„,0. Eo,ß] — 2(c, -c), [Ea^, 2(c, -c)] = 2£,q0, and

[Eoß , 2(c, -c)] = -2E0ß , so ßtf @k(c, -c) is isomorphic to 5/(2, k). That
ß/f @k(c, -c) is an ideal follows from Lemma 4.4 and Theorem 2.9.

Corollary 4.6. Suppose dim,? > 4 ¿zazú? dim Va = \.

(i) If st = a, then Der/(,?, 5, 5, r) s ^ ©5/(2, k), where 5C is a sym-
plectic Lie algebra, ^<Der/(^, B, s, t), and sl(2, fc)«Der/(«?, B, s, t).

(ii) If st ^ a, then Der/(,?, B, s, t) = S? ®kc, where J? ¿j a symplectic

Lie algebra, 2? < Der/(,?, B, s, t), and c is a central element of Der/

acting semisimply on S?.

Proof. For (ii) use Corollary 2.10 and Lemma 3.1.

5. Automorphisms

In this section we will determine the automorphism group of /(,?, B, s, t).

The following proposition is a straightforward verification.

Proposition 5.1. Suppose / = /(^", B, s, t).
(i) Suppose R = (RX,R2) £ GL(&) x GL(S") such that for all y,S £

,?, B(yRi,ÔRj) = B(y,ô) and (yô)Rl = (yRj)(ÔRj) for i, j = 1,2, / ¿ j.
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Then AR £ Aut/, where Ar is defined by

c y\ a ._ í c   yRi
(5-L1) IÏ   d   A»:=UR2     d

(ii) Suppose S = {Si, S2) £ GL(S?) x GL(S") such that 3(ySx, ôS2) =
B(y,ô), s(yô)Sx = t(yS2)(ÔS2), and t(yô)S2 = s(ySx)(ÔSx) for all y,Ô£^.
Then B$ £ Aut/, where Bs is defined by

c   y\ d ._ ( d    ÔS\
(5-L2) [ô   d)B*--=yyS2     c

(iii) Suppose a, ß £ Vst.   Then Ea, Fß £ Aut/, where Ea and Fß are

defined by

rs i ,n      (c    y\J,__(c-B(a,ô)    y + (c - d)a - B(a, ô)a\
[°-l-ó)      \ô   d)   a--\   ô + say d + B(a,ô) J'

c    ï\ F  ._ ( c + B(ß,y) y + tßo
{5AA)      \ô   d)±>s-\o + (d-c)ß-B(ß,y)ß   d-B(ß,y)

Note that Ea is the exponential of the derivation Ea ;o and Fß is the expo-

nential of the derivation -Eb.-yS ■
We will now show that Aut/ is generated by the Ar 's, B$ 's, Ea 's, and

Fß 's. For this suppose E £ Aut/. Then (¿ °X)E = (¿ °x) so

c    0\ j? _ (c + a(d-c)       (c-d)a
(5,2) ^0   d)E~\   (d-c)ß      d + b(c-d)

for some a, b £ k and some a, ß £ <?.   Also, there are linear mappings

E\i, £22, E\\, F22: ,? -> k and Ex2, E2X, Fx2, F2X : ,? -+ ,? such that

and

(5 4) (°   °\E-(SFxx   SFx2
[XV \S   0jh-\ôF2x    ÔF22

for all y, á e,?.

Lemma 5.5. (i) a(a - 1) = b(b - 1) = B(a, ß).
(ii) (b-a)a = 0 = (a-b)ß.

(iii) E22 = -Exx and F22 =-Fxx.
(iv) Ifa^Oorß^O, then a = b.

Proof. Since (¿g)£ = (xZßa ¡) and (¿g)(¿g) = (¿g), the computation of

(0 0)^(0 0)-^ = (0 o)E ëives (i) and (ii). For (iii), computation of

0y)E(°y)E-(00)E-(00
ooJ^VooJ      VooJA_^oo

yields

(5.5.1) (yExx)2 + B(yEx2, y£2i) = 0 = ß(y£2i, ?El2) + (yA2)2

and

(5.5.2) (yExx)(yEX2) + (yE22)(yEX2) = 0 = (yExx)(yE2x) + (yA2)(yAi).



148 R. B. BROWN AND N. C. HOPKINS

By (5.5.1) (y£ii)2 = (yE22)2, so yE22 = eyExx for e = ±1. Therefore

(5.5.2) becomes (yExx + eyExx)(yEX2) = 0 = (yExx + eyExx)(yE2x) so either

yExx + eyExx = 0 or yEx2 = 0 = yE2x . But if yEx2 = 0 = yE2x, (5.5.1) gives

(yExx)2 = 0 = (y/szz)2 so (go)^=(oo)' contradicting the nonsingularity of

E. Hence yExx + eyExx = 0, so y £22 = -y£n • A similar argument with

(° g)£(° °0)E = (g g) shows ÔF22 = -ÔFXX. (iv) follows directly from (ii).

Lemma5.6. Suppose a = 0 = ß in (5.2). Then E = Ar, where R = (Ex2, F2X),

or E = B$, where S = (Fx2, £21 ) •

Proof. By Lemma 5.5(i) a and b can have only 0 and 1 as values. If a = 0

and b = 1, then (g °X)E = (g g), and if a = 1 and b = 0, then (¿ g)£ =

( g g ), either case being a contradiction of the nonsingularity of E. Hence

a = b = 0 or a = b = \.

Suppose a = b = 0. Then ($«)£ = (<°) so (¿ .»Mg 5)£ = (gg)£
yields y £21 = 0 and yExx — 0 by Lemma 5.5(iii). Hence

so £12 must be nonsingular since £ is nonsingular. A similar argument with

(-1 °X)E(°S \])E = (° g)£ yields ÔFXX = 0 and ¿£12 = 0, so

<*•«> (SS)*-U, 0
and F2X is nonsingular. (°0 y0)E{°s [])E = (*<ft¿> g)£ gives B(yEX2, ÔF2X) =

B(y,ô) for all y, JeJ", and (g £)£(g <)£ = (^ g)£ and (° g)£(?g)£ =

(g '**)£ yield (yrç)£2, = (y£12)(rç£12) and (¿t)£12 = (ÔF2x)(rF2x). Thus

\ô   d) \ôF2x      d   )     \ô   d)

where R = (Ex2, F2X).

If a = b = 1, then  {cod)E = [dQ°c)  and calculations similar to the ones

above show E = Bs , where S = (FX2, E2X).

We now return to the general case.

Theorem 5.7.  Aut/ is generated by the Ar 's, Bs 's, Ea 's, and Fß 's of Propo-

sition 5.1.

Proof. By Lemma 5.6 it only remains to deal with the case a ^ 0 or ß ^ 0.

Assuming a ^ 0, we get a = b by Lemma 5.5(iv) so

,      n (c    0\ (c + a(d-c)       (c-d)a
^•'A) \0   dj^-y   (d-c)ß      d + a(c-d)

By Lemma 5.5(iii)

(5.7.2)

and

(5.7.3)

0 y\ F- (yEn   y£i2
0   0JC     \yE2x    -yExx

0   0\ fSFu     ÔFX2
ô   O)*" \ÔF2X    -ÔFXX
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Once we have shown a, ß £ Vst, then Ea, Fß £ Aut/, where Ea and Fß are

defined by (5.1.3) and (5.1.4) respectively. If a = 1, then (g ¿)EEaFß = (d0 °)
since B(a, ß) = 0 by Lemma 5.5(i), so EEaFß £ Aut/ is of the form Bs

by Lemma 5.6. If a ¿ 1 and a' = (a - l)-'a, then (J °d)EEa,F_ß = (c0 °) so

EEa>F_ß £ Aut/ is of the form ^4« by Lemma 5.6. Thus, the proof will be

complete once we have shown a, ß £ Vst.

To see that a e Vst we compute the diagonal terms of (g£)£(¿g)£ =

nS) °o)E, C0°0)EC0l)E=(\]l)E,and (g ?)£(« g)£ = (« g)£ to get the
following identities:

(5.7.4) (1 - a)B(y, Ô) = (yExx)(ÔFxx) + B(yEx2, ÔF2X),

(5.7.5) aB(y,ô) = B(yE2x, ÔFX2) + (yExx)(ÔFxx),

(5.7.6) ay£,,=£(a,j/£2,),

(5.7.7) (I - a)yExx = B(ß, yEx2),

((5.7.8) (1-«)<?£„ = -5(a,¿£21),

(5.7.9)) aoFxx = -B(ß,OFX2).

Now if a ^ 1, £12 must be nonsingular, for if y£i2' = 0 for some y 7^ 0, then

y£n = 0 by (5.7.7), so B(y ,ô) = 0 for all ô £ y by (5.7.4), contradicting the
nondegeneracy of B. Similarly, if a ^ 1, £21 is nonsingular by (5.7.8) and

(5.7.4). If a = 1, then £2) and £12 must both be nonsingular by (5.7.5),

(5.7.6), and (5.7.9).   Computing the off-diagonal terms of (g£)£(£g)£ =

nS) l)E, (So)*(o ?)* = M*. and {°slMl\])E = (°s°o)E yields the
following identities:

(5.7.10) B(y,ô)a = (yExx)(ÔFx2) - (ÔFxx)(yEX2) + t(yE2x)(ÔF2X),

(5.7.11) -B(y,o)ß = (¿£,,)(y£2i) - (yExx)(ÔF2x)+s(yEx2)(ÔFx2),

(5.7.12) (\-a)yE2x = -(yExx)ß-s(yEx2)a,

(5.7.13) ayEx2 = -(yExx)a + t(yE2X)ß,

(5.7.14) (1 - a)<5£12 = (ÔFxx)a - t(OF2X)ß ,

(5.7.15) aoF2x = (OFxx)ß + s(OFX2)a.

Suppose a ^ 1. Solving (5.7.8) for ôFxx and (5.7.7) for y£n and substi-

tuting into (5.7.4) yields

(5.7.16) (1 - a)B(y,ô) = -(1 - a)~2B(ß, yEx2)B(a, ÔF2X) + B(yEx2, ÔF2X).

Solving for y£n in (5.7.7), ôFxx in (5.7.8), y£2i in (5.7.12), and ¿£12 in
(5.7.14) and eliminating these quantities from (5.7.10) gives

(5.7.17) B(y,ô)a = -(\- a)-3B(yEx2 , ß)B(OF2x, a)a

+ (\-a)-xB(a,ÔF2x)(yEx2)

+ (\-a)-xst[a(yEx2)](ÔF2X).

We now multiply (5.7.17) by (I - a) and (5.7.16) by a to obtain

(5.7.18) 0 = B(a, ÔF2x)(yEx2) + st[a(yEx2)](ÔF2x) - B(yEx2, ÔF2x)a.

Hence a satisfies (2.6.1) since £12 and £21 are nonsingular when a ^ 1, so

a £ Vst.
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If a = 1, a similar argument using (5.7.5), (5.7.6), (5.7.9), (5.7.11), (5.7.13),
and (5.7.15) proves ß £ Vsí. The computations showing ß £ Vst if a ^ 1 and

a £ Vst if a = 1 are also similar to the one above.

Corollary 5.8. Suppose ^ts~l £ k . Then T £ Aut/, where T is defined by

<"•» (S 5)r:-(A TO-
Moreover Aut/ is generated by the AR 's, Ea 's, Fß 's , and T.

Proof. That (5.8.1) defines an automorphism of / is an easy check. The rest

follows from Theorem 5.7 and the fact that TBs = AR for all Bs £ Aut/, 5 =

(Si, S2), where R = (tfSFTSi ,  v'iF1 S2).

The following relations among the generators of Aut/ are easy verifications.

Proposition 5.9. Let 6 : GL(S?) x GL(S?) - GL(f) x GL(&) ¿* defined by

(RX,R2)6:=(R2,RX).

(i)   ^5 = Ars   where RS = (RXSX, R2S2) for R = (Rx, ü2) and S =

(Si, S2).
(ii)  ArBs = B{Re)S and BSAR = BSR.

(iii)   BrBs = A(R8)s .

(iv) If a, ß £ Vst, then EaAR = AREaRl  and FßAR = ARFßRl for R =

(Rx,R2).
(v) If a,ß £ Vst, then EaBs = BsFaS2  and FßBs = BsEßSi for S =

(Sx, S2).
(vi) If a,ß£Vsl, then E~x = £_Q and £"' = F_ß .

(vü) Suppose v'íí-1 6 k. Then T~~l = T.

Let G := {(Rx, R2) £ GL(S?) x GL(S^) \ B(yRl,ÔRj) = B(y, Ô) and
(yô)Ri = (yRj)(ôRj) for all y, ô £ S"} and let Cn be the cyclic group of
order n . R = (Rx, R2) £ G if and only if Ar £ Aut/, so we may regard G

as a subgroup of Aut/ via the identification R <-> Ar .

Corollary 5.10. Suppose / = /(^, B, s, t) and dim 1^, = 0. Then either

Aut/ = G, or G< Aut/ and Aut//G = C2. // a/íF1 6 A:, then Aut/ s
G x C2.

Recall that ,fb := {(A ,D2)£%?\DX= D2}.

Lemma 5.11. Suppose k is algebraically closed, dim,? < oo, «? is not abelian,

Der/ = ïïo, and S? is an irreducible ^-module. Then Aut/ = (AutB,? x

C3) xi C2, where Autß^ := {R £ Aut^ | 5(y/î, OR) = £(y, S) for all y, ô £

Proof. Since Der/ = 5?0, where / = /(,?, B, s, t), dim Vst = 0 by The-
orem 2.9. Hence by Corollary 5.10 Aut/ = G >i C, since fc is algebraically
closed. Thus it is only necessary to show that G = Autß «? x C3. Suppose

(RX,R2) £ G and (D,D) £ Der/. Then (Rx , R2)~X(D, D)(RX, R2) =

(RXXDRX,R2XDR2) £ Der/. Since Der/ = %, we have RXXDRX =

R2xDR2,i.e., DRXR2X =RXR2XD for all (A A e Der/. Since ^ is an ir-

reducible ^-module (where the action is defined by y-(D, D) := yD), we have

RXR2X = ci for some c £ k,  c ^ 0, by Schur's Lemma. Hence Rx = cR2.
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Since ,? is not abelian and c(yô) = (yô)RxR2x = (yR2R^x)(ôR2R-[x) =

c~2(yô), we get c3 = 1. Thus (cRx, c) £ Aut^,? x C3. Conversely if

(R, c) £ Autg,? x C3, it is easy to check that (c~xR, c~2R) £ G and we

are done.

We now consider the dim Vs, = 1 case.

Theorem 5.12. Suppose k is algebraically closed, dim,? > 4, and dim Va = 1.

Then G = H x k*, where H is a symplectic group and k* is the multiplicative

group of k. Also the copy of H in G is a normal subgroup of Aut/.

Proof. By Theorem 4.2, ,? = ka 1 W relative to B, where Va — ka, and

the multiplication in «? is given by (4.2.9), where A £ GL(W) is defined
by y A := ay . Moreover, for all y £ W, B(yA, y A) — -a~xB(a, a)B(y, y)

and A2 = a~xB(a, a)I. Hence (y, ô) := B(yA, ô) is a nondegenerate skew-

symmetric bilinear form on W and so H := {R£ GL(W) \ (yR, ôR) = (y, ô)

for all y, ô £ W] is a symplectic group. For R £ GL(W) define R £ GL(<9*)

by (aa + y)R = aa + (yR) for y £ W. It is easy to check using (4.2.9) that if

R£H, then (R, A~lRA) £ G. Also, if / £ k*, then (Rf, Rf-X) £ G, where

Rf £ GL(S?) is defined by

(5.12.1) (aa + y)Rf:=af-2a + fy

for y £W . Thus H x k* is isomorphic to a subgroup of G.

Conversely, suppose (Rx, R2) £ G. Then aR¡ satisfies (2.5) for í = 1,2 so

aRj = e,-a for some e,■ £ k*, i = 1, 2 , and since B(aRx , aR2) = ß(a, a), ex =

^j-1 = e. Moreover if y £ W and y/?, = a¡a + <$,■, then 0 = B(a, y) =

B(aRj, yRj) = B(e¡a, a¡a + 0¿) = eja¡B(a, a) implies a,■■ = 0, i.e., WR¡ C

W. Thus from (ay)Rj = (a/?;)(y/?¡) we get yR¡ = ejyA~lRjA for y £ W

and from (y<5)/?, = (yRj)(SRj) we get é>,£(y.4, ô) = B(yRjA,ÔRj) for all

y,ô £ W. Let / £ k* such that e = f2 and define S e GL(W) by S =
(RxRf)\iv, where /?/ is defined by (5.12.1). Then S £ H and (Rx, R2) =

(S, A-lSA)(Rf-x ,Rf), so G ^ Hxk*. Clearly H<G. Using the identification
of G with a subgroup of Aut/ given above, we can regard H as a subgroup

of Aut/ . The relations in (iv) of Proposition 5.9 show that H is normalized

by the Ea 's and Fß 's. H is also normalized by the mapping T defined by

(5.8.1), so //<Aut/ by Corollary 5.8.
The rest of the relations in the dim Vs, = 1 case are given by the following

proposition.

Proposition 5.13. Suppose dim,? > 4,dimFa = 1,/ = /(,?, 5, s,/),
where st — a, and a, ß £ Va . Then

(i)   EaEß = Ea+ß and FaFß = Fa+ß .

(ii) If B(a, ß) = -l, then EaFß = BsE-a, where S = (SX, S2) is defined
by

(5.13.1) OSx:=tßo-B(a,o)a,

(5.13.2) yS2:=say-B(ß,y)ß.

(iii) If B(a,ß)±-\, let a = -(B(a, ß) + l),a' = a~xa, and ß' = aß.

Then EaFß = ARF_ßiE^a<, where R = (RX,R2) is defined by

(5.13.3) yRx :=-ay + B(ß,y)[-l+a-x -a~2]a,
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(5.13.4) ÔR2 := -a~xô + B(a,ô)[l -a- a~x]ß.

Recall that C(x, y) := trace(x>>) for ail x, y £ / . The proof of the fol-

lowing proposition is straightforward.

Proposition 5.14.  C(xE, yE) = C(x, y) for all E £ Aut/ and all x, y £ /'.

6. Isomorphisms

Turning now to isomorphisms between / = /(^1, Bx, sx, tx) and J$ -
/(¿?2, B2, s2, t2) ,-we have the following theorem, whose proof is quite similar

to the proof of Theorem 5.7 and so is omitted.

Theorem 6.1. Suppose E : / -+ f2 is an isomorphism of Jordan algebras. Then

there is a C £ Aut/2 such that EC has one of the following forms:

(1) {< d)EC = (4 >*■ ), where RX,R2:^X^^2 satisfy

(6.1.1) B2(yRx,ÔR2) = Bx(y,ô),

(6.1.2) txt2x(yô)Rx = (yR2)(ÔR2),

(6.1.3) sxs2x(yô)R2 = (yRx)(ÔRx)

for all y, ô £<9*x, or
(2) (¡ d)EC = (¿ *?' ) where SX,S2:S»X^<9>2 satisfy

(6.1.4) B2(ySx,ÔS2) = Bx(y,ô),

(6.1.5) sxt2x(yô)Sx = (yS2)(ÔS2),

(6.1.6) txs2x(yô)S2 = (ySx)(ÔSx)

for all y,Ô£&x.
Conversely, if Rx, R2 : <9\ -+ 5^ satisfy (6.1.1), (6.1.2), and (6.1.3), then

E : / —► / defined by (cSd)E := (SR yd') is an isomorphism of Jordan

algebras, and if Sx, S2 : <9\ -» ,?2 satö/p (6.1.4), (6.1.5), and (6.1.6), í/zé>«

£ : / —* </ defined by  (csd)F := ( ^   áf')   ¿s a« isomorphism of Jordan

algebras. Moreover, if \lt2s2x £ k and E : / —> /^ w a« isomorphism of

Jordan algebras, then it is possible to choose C £ Aut/ so that EC has form

(1).

A bijective linear mapping /? : ¿?î —> ̂ is a scalar isomorphism if there is

an xR £ k, xr / 0, such that for all y, ô e ,5^

(6.2) (yá)/? = xA(y/?)(¿/í).

If there is a scalar isomorphism from ¿7\ to Sf2, then ,?i and S\ are sca/ar

isomorphic. Xr is the scaling factor of /?. Note that x^/? is an isomorphism

from 3\ to S?2.
Suppose S £GL(S?X) such that for all y, ô £ ,?

(6.3) 5,(yS,¿) = /My,¿S),

and there is a %eí:,%7í0, such that for all y, ô £ <?\

(6.4) ((yS)(¿S))S = wsyô.
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We can define a new product •$ on ,?i by

(6.5) y.sô:=(yô)S

and a new nondegenerate symmetric bilinear form Bs by

(6.6) Bs(y,ô) = Bx(yS-x,ô).

It is easy to check that <9\ with the product -s is an anticommutative algebra

and Bs is associative. We will refer to <?i with the product -s as ¿Ps ■

Theorem 6.7. Suppose yt2s2x £ k. Then / = / as Jordan algebras iff there

is an S £ GL(S?X) satisfying (6.3) and (6.4) with u>s = t\~xsxt2s2x and a scalar

isomorphism R : ,9$ —> &i with xr = t\~xt2 such that R is an isometry from

Bs to B2.

Proof. First suppose 5" £ GL(S?X) satisfies (6.3) and (6.4) with ws - t\~xsxt2s2x,

and R : S*s —> &2 is a scalar isomorphism with xr = txxt2 such that R is an

isometry from Bs to B2. Define £ : / -» f2 by {csd)E := (SCR 7Sf). Then
£ is an isomorphism of Jordan algebras.

Conversely, suppose / = /> • By Theorem 6.1 we can find an isomorphism

£:/->/> of Jordan algebras such that {cSd)E= (scRi ?f ), where Rx, R2 :

yx^^2 satisfy (6.1.1), (6.1.2), and (6.1.3). If we let S = RXR2X and R = R2,

then S satisfies (6.3) and (6.4) with ws = txxsxt2s2x, R:<9s -» «5*1 is a scalar

isomorphism with xr = txxt2, and R is an isometry from Bs to B2 .

Suppose S?i, Bx, sx, tx are given and S £ GL(<9\) satisfies (6.3) and (6.4)

for some ws £ k, Ws # 0. For any T £ GL(S?X ) and any x £ k, x ^ 0,

we can define a new product -r and a new bilinear form BT on ,?i by

y .r¿ := [(yT~x) -s (ôT~x)]T, where -5 is defined by (6.5), and BT(y, ô) :=

x2Bs(yT~l, ¿£-1 ), where Bs is defined by (6.6). Now if we define R :=

x~xT, then R is an isometric scalar isomorphism from (<9\,'s,Bs) to

(,? , -r, #r) and xr = x . By Theorem 6.7

/(,?,, ßi, 5,, r,) =/(^1, -r, 5r, 52, h),

where ?2 = ^^i and s2 — txxsxt2w^x and every (,?2, B2) such that / = J^

is isometrically isomorphic to (,? , -T ,Bj) for some choice of S, T, and x.
Thus it is clear that the question of which (,?2, B2) gives /> isomorphic to

/ for given yx, Bx, sx, tx reduces to the study of those S £ GL(S?X) which

satisfy (6.3) and (6.4).
Finally we have the following proposition, whose proof is straightforward.

Proposition 6.8. Suppose S, T£ GLffi) both satisfy (6.3) and (6.4) with ws -
wt ■ Then S^s - <S?t under an isometry from Bs to BT iff there are Rx, R2£

GL(5?X) such that for all y, ô £ «51

(6.8.1) Bx(yRx, ÔR2) = Bx(y, ô)

and

(6.8.2) (yS)Ri = (yRj)(SRj)   for i, j = 1, 2,  i ¿ j,
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and T = RXSR2 '. In this case, R2 : «?r —► &S is an isometric isomorphism.

Also, if S £ GL(S?X) satisfies (6.3) and (6.4) and RX,R2 £ GL(S\) satisfy
(6.8.1) and (6.8.2), then T := RXSR2X satisfies (6.3) and (6.4), with wT = ws .

Note that if Rx, R2 £ GL(S"X) satisfy (6.8.1) and (6.8.2), then AR £ Aut/
for R = (RX, R2). The actual computation of {S £ GL(5"X) \ S satisfies (6.3)

and (6.4) } may be quite difficult for particular yx , but we note that (6.3) and

(6.4) together imply that S is in the structure group of ,?i, about which much

is known, at least for commutative Jordan algebras.

7. Relaxing the st ^ 0 requirement

If we assume that s or í is zero, then results similar to the ones in the

previous sections are true and are stated here without proof. Verification of

these statements depends on calculations that are like those appearing elsewhere

in this paper.

Theorem 7.1. Suppose s = 0 or t = 0 and / = /(«?, B, s, t). Then

(i) / is central simple.

(ii) Let J/ be the set of (A , A) € End*. <? © End¿,? satisfying the following
for all y,Ô£5e:

(7.1.1) B(yDi,ô) = -B(y,ÔDj)   fori,j = \,2,  i + j,

and

(7.1.2) if s # 0 : (yô)D2 = (yDx)ô + y(ÔDx),

or

(7.1.3) ift ¿ 0 : (yS)Di = (yD2)ô + y(ÔD2).

Then Der/ = "g where the action of (A , A) e S? is given by (cs yd)(Dx, D2)
._ f   0     yDx\
■— \SD2     0   / •

(iii) Let R = (RX, R2) £ GL(5") x GZ,(«?) satisfy

(7.1.4) B(yRx,ÔR2) = B(y,ô)   for all y, S eS".

Define AR,BR£GL(f) by

(s j)*=-U'?) - (í OM* "■)■
77zt?«:

( 1 ) // 5 = t = 0 or,? is abelian, Aut/ = {AR ,BR\R satisfies (7.1.4)}.

(2) If s ^ 0,  í = 0, and ^ w «oí abelian,  Aut/ = {/1Ä | /? satisfies
(7.1.4) a«ci (y¿)/?2 = (y/?i)(¿/íi) /ora// y, ô £ y}.

(3) If s = 0,  t ^ 0, and ,? w «oí abelian,  Aut/ = {^4r | /? satisfies
(7.1.4)  a«úf (yj)/?! = (y/?2)(c5/?2) /ora// y,c5e^}.

Finally, we note that results similar to those of Theorem 7.1 are true for /

when the multiplication in / is not defined by (1.2), but rather by the more

general formula

(;;)(îï)

(ac + zxB(a,ô) xxay + (1 - xx)by + y2da

x2bô + (1 - x2)aô +yxcß +(1 - y2)ca + tßo

+(\-yx)dß + say bd + z2B(ß , y)
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where xx, x2, yx, y2, zx, z2 £ k are arbitrary with zx / 0, z2 ^ 0. We get

(1.2) from (7.2) by choosing xx — x2 = yx = y2 = zx = z2 = I . In fact, the

only choices for these scalars that give a noncommutative Jordan algebra are

Xi = x2 = yx = y2 = 1 and zx = z2 and we have dealt with these in our

previous results.
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