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NONCOMMUTATIVE MATRIX JORDAN ALGEBRAS

ROBERT B. BROWN AND NORA C. HOPKINS

ABSTRACT. We consider noncommutative degree two Jordan algebras # of
two by two matrices whose off diagonal entries are from an anticommutative
algebra .¥°. We give generators and relations for the automorphism group of
# and determine the derivation algebra Der_# in terms of mappings on ¥ .
We also give an explicit construction of all % for which Der _# does not kill
the diagonal idempotents and give conditions for nonisomorphic ¥ ’s to give
isomorphic £ ’s.

1. INTRODUCTION

All of the algebras and vector spaces under discussion will be over a field &,
chark # 2. Note, however, that we are not assuming finite dimensionality and
we are not assuming that the algebras are associative.

Suppose & is an anticommutative algebra having a nondegenerate symmet-
ric bilinear form B which is associative, that is,

(L.1) B(ap,y) = B(a, B7)

for all a, B,y € % . Suppose further that s, t € k with st # 0. We define a
new algebra # = (%, B, s, t) as

/::{(Z g):a,bek,a,ﬂey}

with addition and scalar multiplication defined componentwise and multiplica-
tion defined by

(1.2) (; Z) (§ ;) = (c(;;:l?a(i,si)y Cg}(; ,d)('!)it’fj)'

It is easy to check that with these operations # is a noncommutative Jordan
algebra, that is, for all x, y € #

(1.3) x(yx) = (xy)x,
(1.4) xX(yx) = (x%y)x.

These algebras were introduced in [4] as a generalization of the Zorn matrix
construction of the octonions O.
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Example 1.5. Take . = k3, three-dimensional vectors over k, with the vector
cross product as the algebra multiplication. Define B on & by B(a, ) =
—a - B, where o - B denotes the dot product of « and f. Then F =
F (&, B, 1,1) is the Zorn matrix construction of the split octonions O (see

[2D).

These generalizations of O were futher studied in [5]. Note that the Zorn
matrix realization of O in Example 1.5 makes the computation of G, as Der O
easy (see [2]), where the derivation algebra Der_# of _# is the Lie algebra of
all D € End, # satisfying

(1.6) (xy)D = (xD)y + x(yD)

forall x, y € # . Our goal in this paper is to compute Der_# forall ,# whose
product is given by (1.2) and to also compute the automorphism group

Aut f :={Ae€GL(F)|(xy)A=(xA)(yA) forallx,y e £}
of 7.

The assumption that B is nondegenerate is motivated by the following result
from [4]:

Theorem 1.7. _# is simple if and only if B is nondegenerate.

Since the nondegeneracy of B will be preserved by field extensions, we get
the following corollary:

Corollary 1.8. _# is central simple.

If x=(%3),then x satisfies the quadratic equation
x*—(a+b)x+(ab-B(a, ) =0

where I = ((', ?) . Hence _# is a degree two algebra (see [3] for the definition).
We also note that if y = (§ ), the bilinear form C( , ) on # defined by

(1.9) C(x,y):=trace(xy) = ac+ bd + B(a, ) + B(B, 7)

is nondegenerate, symmetric, and associative. Hence if we let % be _# with
the product [x, y] := xy — yx we can construct a new Jordan algebra ¢’ =
F(&,C,s', ).

The organization of the paper is as follows: In §2 we give a basic decompo-
sition of Der_# in terms of

7={peverr|(3 ) o= (5 3))

(Theorem 2.9) and characterize & in terms of mappings on . having certain
properties ((2.1), (2.2), and Lemma 2.4). In §3 we show that the codimension
of & in Der_# is 0,2, or 6 (Theorem 3.8) and in fact, if dim.% > 4, this
codimension, codim £, is either 0 or 2 (Theorem 3.4). We give instances
in Example 3.6 of algebras . for which dim . > 4 and codim¥% = 2. In
§4 we show that if dim.%¥ > 4 and codim¥% = 2, then % is one of the
algebras constructed in Example 3.6 (Theorem 4.2) and we compute Der_#
for these algebras (Corollary 4.6). In §5 we give generators (Theorem 5.7 and
Corollary 5.8) and relations (Proposition 5.9 and Proposition 5.13) for Aut_# .
We explicitly calculate Aut_# when . is one of the algebras constructed in
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Example 3.6 (Theorem 5.12 and Proposition 5.13). §6 concerns conditions for
two of these matrix Jordan algebras to be isomorphic and §7 concerns results
on Der_# and Aut# when s=0 or t=0.

The second author wishes to gratefully acknowledge the support of Indiana
State University Summer Research Grant 2-29237 during the course of this
research and the hospitality of Ohio State University. She also wishes to thank
Joe Ferrar for several helpful discussions.

2. DERIVATIONS
Let & be the set of (D;, D,) € End; . ® End; . satisfying
(2‘1) B(J’D,,é):—B(}',JDJ),
(2.2) (»6)D; = (vD;)d + y(6D))

forall y,6 € ¥, where i,j=1,2 and i # j. % is a Lie algebra with
the Lie bracket given by [(D;, Dy), (Ey, E>)] = ([Dy, E], [D2, E;]) and has
a faithful representation on ¢ = ¢ (%, B, s, t) defined by

(2.3) (; 2‘)(1),,1)2) = <ﬂ%2 "é")

for all (; %) € £ . The following lemma is a straightforward verification that
(Dy, D,) acts as a derivation on _# .

Lemma 2.4. & C Der_# where the action of & on # is given by (2.3).

For . and B as in Example 1.5 s/(k, 3) @ % [2], where 4 — (4, —A"),
so dim & = 8. Since dimDer O = 14, clearly there are derivations of O not
in & ,ie., ¥ #Der_#. For a €k let V, be the linear subspace of all a € .¥
such that for all y,d € &%

(2.5) aa(y5) = B(a, 7)8 - B(a, 8)y.
Lemma 2.6. a €V, ifand only if forall y,d € &~
(2.6.1) a(ay)d = B(y, d)a — B(a, 0)y.

Proof. Suppose a satisfies (2.6.1) forall y,d € . Then forall y,d,¢e€.¥
—aB(y, a(de)) = —aB(ya, de) = aB(ay, d¢) = aB((ay)d, &)
= B(y, 0)B(a, &) — B(a, 8)B(y, &)
= — B(y, B(a, )¢ — B(a, €)J)
since B is associative and % is anticommutative. Hence, by the nondegen-

eracy of B, aa(de) = B(a, )¢ — B(a, €)0 which is (2.5). The converse is
similar.

Another straightforward verification using Lemma 2.6 gives the following
result.

Lemma 2.7. Suppose o, B € V. Define E, g € End # by

c y ._ (—B(B,7)-B(a,d) (c—d)a—1tpd
(2.7.1) (5 d)E“’ﬂ‘_( (c - d)B + say B(,B,y)-fB(a,é))'

Then E, g € Der 2 .
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Clearly E, s €% if a#0 or B #0 since

(2.8) (é _OI)EQ,,;=2(2 ‘6’)

Also by (2.8) dim #Z = 2dimV;; for # :={E, g |, B € Vy}. For & and
B as in Example 1.5, V| = ., giving dim#Z = 6 and so DerO = % ¢ #
as a vector space. Note that # is not a subalgebra in this case. The same
decomposition of Der_# holds in the general case:

Theorem 2.9. Der # =% @ # as a vector space, where # :={E, g |, f €
Vi)

Proof. Lemmas 2.4 and 2.7 establish # & #Z C Der_# . To finish the proof
we must show that if D € Der_#, then D € &€ & # . Therefore, suppose

DeDerg. (L9)D=(39) since (1) is the identity of ,# . Since (} %)* =
(01),if (5 %)D=(55), then the derivation condition (1.6) gives

0 0\ [a a 1 0 + 1 0 a a
0 0/ \p b 0 -1 0 -1 B b))’
so 2a =0 and —2b =0. Hence

(2.9.1) (é _01)D=(2 ‘5)

for some o, B € % . Now define mappings D,;, Dy, Ej, Ey from & to k
and mappings D,,, D,,, E|, E;; from ¥ to ¥ by

0 » _ (7D )’Dlz)
(2.9.2) (0 0) D= <yD21 Do
and

00 _(JEn JEp
(2.9.3) (5 0) D= (5E2| 5E22>

for all y,d € %. We will use the derivation condition (1.6) to show «, 8 €
Ve, (D12, Ey) €& ,and D= (Dy, E)+ 3E, 4, thus showing De F o # .

Using (1.6) and definitions (2.9.2) and (2.9.3) on (% 3) = (32)(35) vields
forall y,d € &

(2.9.4) s(y0)Ey = B(y, 6D2),
(2.9.5) $(70)Ex = B(yDy, 9),
(2.9.6) s(y0)E12 = (yD11)d + (6D2)7,
(2.9.7) 8(y6)Ea = s(yD12)d + s7(6D12).
A similar computation using (3 ‘%) = (39)(30) vields forall y, 6 € &~

(2.9.8) t(yd)Dy, = B(yE2, 9),
(2.9.9) t(y6)Dy2 = B(y, 0E12),
(
(

2.9.10) t(y0)Dyy = (yE2)d + (6En)y,
2.9.11) t(yd)Dy; = t(yE>)d + ty(d Eyy).
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Now since (J7)= (5 °)(5}), we see by (1.6) that

(2.9.12) YDy = isay,
(2.9.13) yDyy = 3B(B, v),
and since (§ 7)) =(03)(s %), we see that
(2.9.14) yDy =—3B(B, 7).
Similarly (4 %)(28) = (2 2) and (22)(} 5) = (°9) give
(2.9.15) vE\y =—-3B(a, ),
(2.9.16) yEi = —3tBy,
(2.9.17) YEn = 1B(a, y).
Hence

and 00 -1B(a,8) -L1tps
(a O)D ( "SEy 1B(a a))
21 2 5
Thus, since
(0 8)(5 0)=z2{(5 V)= (6 )]
we get

(2.9.18) B(yD12,0)+ B(y, 0Ey) =0,

and (2.6.1) for a« and B with a = st. Hence a, g € V;,. Also (2.9.7) and
(2.9.11) show that (D>, E;;) satisfies (2.2), and (2.9.18) is (2.1) for (Dy,, Ey;)
SO (D12, E21) €eg.

Finally, let D= D — (Dy,, E5) € Der ¢ , ie.,

(6 1)2=(60) (o 5)5=(55)
. /_1
<8 S)D=( Zfsfy,y) %B(g’,?))’
and (0 0)5_<—%B(a,6) _%m(s)
6 0 - 1B(e,6)) "
Then

(c y)ﬁzl(—B(B,y)—B(a,J) (c—d)a—tBs )
(c—d)B + say B(B, y)+ B(a, 9)

_{c y)1
‘(5 d)iE""’

so D =% w.p € #Z. Hence D = (D3, Ey)) + 3E, s € £ @ # and we are
done.
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Corollary 2.10. Der # =% iff V;, ={0}.

Corollary 2.11. If D € Der,? and ( °)D = (2‘(’)) then o, B € Vi, and
D=13E, g+ F forsome FeZ.
The following result is another easy verification using Theorem 2.9. Recall

that C(x, y) is the nondegenerate symmetric bilinear form on _# defined by
(1.9).

Proposition 2.12. Let - = {D € End # | C(xD,y) = —C(x, yD) for all
x,y€_£}. Then Der 7 C % .

3. DIMENSION OF Vj,

Lemma 3.1. Suppose dim.¥ > 1 and V, # {0}. Then a # 0 and V), = {0}
forall b#a.

Proof. Suppose a € V, with a # 0. Then, by Lemma 2.6, a(ay)d = B(y, d)a—
B(a, d)y for all y,d € &. If a = 0, then B(y, d)a = B(a, d)y for all
y, 0 €. %, which is impossible since dim.% > 1. Now suppose S € V}, where
b # a. So, by Lemma 2.6, b(By)d = B(y,d)8 — B(B8,9d)y forall y,d € ..
Hence using (2.5) for « yields

bB(a, B)d — bB(c, 6)B

= aba(Bo) = —ab(fd)a=—-aB(d, a)f +aB(B, a)d,

so (b —a)B(a, B)d = (b—a)B(a,d)B forall § € .. Since b # a, we
get B(a, B)d = B(a,d)B forall 6 € . If B # 0, choosing ¢ linearly
independent of B gives B(a, f) = 0 = B(a,d), so B(a,d) = 0 for all
d € &, contradicting the nondegeneracy of B. Thus =0 and V, = {0}.
Remark 3.2. Lemma 3.1 explains why # = _# (%, B, 1, 1) is not isomorphic
to A=0(¥,B,1,~1) for & and B as in Example 1.5, as noted in [4],
since Der 4 = % @ # with dim # = 6 and Der_% = £ by Theorem 2.9,
Corollary 2.10, and Lemma 3.1.
Lemma 3.3. V, is a subalgebra of & .

Proof. If dim% =1 or ¥, = {0}, the result is obvious, so suppose dim.% > 1
and V, # {0}. By Lemma 3.1, a # 0. Choose s,t € k with st =a # 0.
Then if a, B € V,, we have E, g, Eg o, € Der f, F = #(¥,B,s,t), and
hence [E, s, Eg o] € Der # . It is easy to check that (§ °)[Ea 5, Ep o] =

2(23%0 2’5") , 50, by Corollary 2.11, Ba € Vy, = V,. Hence V, is a subalgebra.

Theorem 3.4. If dim.%” > 4, then dimV, < 1.
Proof. By Lemma 3.3 if a, B €V,, aff € V,, so by (2.5)

(3.4.1) a(ap)(v6) = B(aB, )0 — B(af, 9)y

forall y,d € .. Since a € V,, Lemma 2.6 give a(af)(yd) = B(B, yd)a —
B(a, yé)p so this and (3.4.1) give

(3.4.2) B(aB, )0 — B(aB, d)y = B(B, yd)a — B(a, yd)B
forall a, BV, and all y,d € .
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Now suppose by way of contradiction that «, § € ¥V, are linearly inde-
pendent. Since dim.%” > 4, there are y,d € & so that {«, f,y,d} is
linearly independent. Hence B(afl, y) = B(af, 6) =0 and since B(af, a) =
B(B, a?) =0= B(a, B?) = B(af, B), wesee af = 0 by the nondegeneracy of
B and so (3.4.2) becomes 0 = B(f, yd)a—B(a, yd)B forall y,d € .. Since
o and B are linearly independent, we get B(a, yd) = B(ay, d) = 0 for all
y,d € %, so again using the nondegeneracy of B gives ay =0 forall y € ¥ .
But then a(yd) = 0 for all y,d € &, so by (2.5) 0 = B(a, y)0 — B(a, )y
and choosing J linearly independent of y shows B(a, y) =0 forall y € &.
Thus a = 0, contradicting the choice of o and f. Therefore, dimV, <1.

Remark 3.5. If dim.% > 4, Theorem 3.4 implies Lemma 3.3, and in fact
Theorem 3.4 can be proven without using Lemma 3.3, as follows: If a # 0 isin
V,,let at :={y| B(a, y) =0}. If y € ' and § € ¥ with B(a, 6) # 0, then,
by (2.5) aa(yd) = —B(a, 8)y. This, and the fact that B(a, ac) = B(a?, 0) =
0 for all g € .%, proves that a* = {ag | 0 € ¥}.

Now suppose by way of contradiction that dimF¥, > 1 and choose 8 €
V., B#0,with B(a, ) =0. Then a € B+ and a = Bo for some o € ¥ .
If y issuch that B(f, y) = B(g, ) = 0 then, by Lemma 2.6, aay = a(fa)y =
B(o, y)B — B(B, y)g = 0, so codim{y| ay = 0} < 2 (where codim is the
codimension). Hence dimat <2 and so dim.¥ < 3.

The next example shows that there are numerous (*, B)’s for which dim.%”
>4 and dimV,=1.

Example 3.6. Let W be a vector space of dimension at least three and having
a nondegenerate symmetric bilinear form B for which there is an 4 € GL(W)
such that 42 = cI for some nonzero scalar ¢ and B(y4, §) = —B(y, 64) for
all y, d € W. Note that the existence of such an 4 forces dim W to be even
if dimW < oo, since (y, d) := B(yA4, J) is a nondegenerate skew symmetric
bilinear form on W, and nondegenerate skew symmetric forms only exist on
even dimensional spaces.

Let X =kaoW , fix dek,d#0,and extend B to . by
B(aa + 7y, ba+9d):=abcd + B(y, 9)
for y, 0 € W. Define a multiplicaton on % by
(3.6.1) (aa + y)(ba+6):= B(a, a)"'B(yA4, 8)a + (ad — by)A4
for y, d € W . With this multiplication . is an anticommutative algebra, B
is associative, and ka =V} .

Finally we consider the possibilities when dim.% < 3.

Proposition 3.7. (i) If dim. % = 1, then ¥ isabelian and . =V}, so dimV; =
1.

(ii) If dim&” = 2, then .* is abelian and V, = {0} forall ack.

(iii) If dim# = 3, then either & is abelian and V, = {0} forall a€ k, or
& is simple and ¥ = Vy for some d € k, in which case & is a Lie algebra
of type A, and B is a multiple of the Killing form. Thus dimV, =0 or 3.
Proof. Since . is anticommutative, o> = 0 forall a € &. If a, f € &,
then B(af, a) = B(B, a?) =0 = B(a, f?) = B(af, B) since B is associative,
so af is orthogonal to both o and B relative to B. This shows that . is
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abelian if dim¥’ =1 or dim.* = 2. Then if dim.* = 1, (2.5) is trivially
satisfied with a=1,s0 ¥ =1].

If & is abelian and dim.” > 1, then (2.5) gives B(a, y)d = B(a, d)y for
all aeV,, y,d €5, s0choosing y and J linearly independent of each other
gives B(a, y) =0 forall y€ . Thus =0 and V, = {0}.

This only leaves the case dim.¥ = 3, % not abelian, to be considered. Let
{a, B, y} be an orthogonal basis of .. Then af = ay, By = ba, ya = cf
for some a, b, c € k. Now using the associativity of B gives aB(y, y) =
B(ap, y) = B(a, By) = bB(a, a) = B(B, ya) = cB(B, B). A straightforward
verification shows that . = V; with d = —B(a, a)a"!c~!. But then by (2.5)
& satisfies the Jacobi identity and hence must be a Lie algebra of type A,
since .% is not solvable. Since B is associative and % is simple, B must be
a multiple of the Killing form.

Theorem 3.8. For all a € k dimV, =0, 1, or 3, and dimV, = 3 for some
aek iff & isa Lie algebra of type A, .

Proof. This follows from Theorem 3.4 and Proposition 3.7.

4. THE dim V;; = 1 CASE

In this section we will show that if dim.¥ > 4 and dimV, = 1 for some
a € k, then & is one of the algebras constructed in Example 3.6. We will also
compute Der #(#, B, s, t) in this case.

Lemma 4.1. Suppose dim.” > 4 and dimV, = 1. Then ¥ is simple.

Proof. Suppose I <. with I # {0} and suppose 0 #y €I, 0#a€V,, and
0 € & with B(y,d) #0. Then (ay)d € I and B(a, d)y € I, so by Lemma
2.6 B(y,d)a€l,giving a € I. Now choose d € . with B(a, d) #0. Then
for all n € &, a(an)d — B(n, 8)a = —B(a, d)n € I, again by Lemma 2.6, so
nel and I =%.

Theorem 4.2. Suppose dim.” > 4 and dimV, = 1. Then ¥ is the algebra
constructed in Example 3.6. Hence if dim.%” < oo, dim.% is odd.

Proof. Suppose V, = ka . First suppose B(a, a) =0. Then thereisa g €.
with B(a, B) = 1 = B(B,a) and B(f, B) = 0. We can decompose &
relative to B as ¥ = (ka® kB) L W. Then for y,d € W we get the
following from (2.5) and (2.6.1):

(4.2.1) (ay)d =a~'B(y, d)a,
(4.2.2) alap) = -ala,
(4.2.3) Blay) =a'y.

Now suppose aff = ca+df +n for some n € W. Then ¢ = B(af, f) =
B(a, f*) =0 and d = B(aB,a)= B(B,a*) =0,s0 af € W. By (4.2.2) and
(42.1)for 6 e W

ad = —ala(aB)]d = —aa'B(af, 6)a = -B(af, d)a,

so by (4.2.3) B(ad) = a~'d = B[-B(af, d)a] = —B(apB, §)Ba. Thus dim W
=1 and dim.%* = 3, contradicting the hypothesis dim.%” > 4. Hence no such
& exists.
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Thus B(a, a) # 0. Again we decompose & relativeto B as . =ka L W
and get the following from (2.5) and (2.6.1) for y,d € W :

(4.2.4) a(yd) =0,
(4.2.5) (@p)d =a~'B(y, é)a,
(4.2.6) a(ay) = a”'B(a, a)y.

Now suppose 7,0 € W and yd = ba + n for some n € W. Then by (4.2.4),
0 = a(yd) = a(ba + n) = an. Hence using (4.2.6) gives 0 = a0 = a(an) =
a~'B(a,a)n,so n =0 and yd = ba for some b € k. In fact, bB(a, a) =
B(yd,a)=B(, ay),so b= B(a, a)"'B(ay, d). Thus forall y,6 e W
(4.2.7) y6 = B(a, a)"'B(ay, §)a.

If ye W and ay =ca+n for some n € W, by (4.2.5)

a~'B(y, y)a = (ay)y = (ca+n)y = cay +ny
=c(ca+n)+ B(a, o) 'B(an, 7)o
=[c*+B(a, a)"'B(an, )la+cn
by (4.2.7),s0 a~'B(y, y) = ¢+ B(a, a)"'B(an, y) and cn = 0. Hence either
c=0or n=0.Butif =0, ay =ca, soby (4.2.6) y =aB(a, a)"la(ay) =
aB(a,a) 'ca’?=0. Thus n#0 so c=0 and ay =n € W and B(an, y) =
a 'B(a, a)B(y, 7). Hence for y € W,

(4.2.8) ay=n forsome ne W, where B(ay, n) =—a"'B(a, a)B(y, 7).

Note that since n = oy, B(ay, ay) = —a~'B(a, a)B(7, 7).

& issimple by Lemma 4.1, so W = aW since W2 C ka by (4.2.7). Let 4:
W — W bedefined by y4 = ay, so we have B(yA4, y4A) = —a~'B(a, a)B(y, y)
and 42 =a"'B(a, )l by (4.2.6), and we get from (4.2.7) and (4.2.8) that

(4.2.9) (ca+y)(da+d)=B(a,a) 'B(y4, d)a+ (cd —dy)4,

which is (3.6.1). As noted in Example 3.6, dim W is even if dimW < oo, so
dim.# is odd.
We need two lemmas for the computation of Der (%, B, s, t).

Lemmad3. If a € V, and (D,, D;) € &, then aD,,aD, € V,.
Proof. This is a straightforward verificaton done by applying D; and D, to
(2.5).

Lemma 4.4. Suppose dim.¥ > 4 and dimV, = 1. Define n : & — End.%
by (Dy,D))n:=D,. Then & =2%n =% @ kc, where & is a symplectic Lie
algebra with ol =0 forall | € & ,a € V,, and c is a central element of &
defined by

(4.4.1) (ba+y)c:=ba- %y

forall y € suchthat B(a,y)=0, a€V,.

Proof. By Theorem 4.2 if V, = ka, then & = ko L W relative to B and the
multiplication in % is given by (4.2.9), where 4 € GL(W) is defined by y4 :=
ay and satisfies 4> = a~'B(a, a)l and B(yA, yA) = —a~'B(a, a)B(7, y)
for all y e W. Then (y, d) := B(yA, d) is a nondegenerate skew-symmetric
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bilinear form on W. Let ¥ := {D € EndW|(yD, d) = —(y, dD) for all
7,0 € W} and define D € End.%” for D € End W by (aa + y)D := yD for
all y e W. Then if D € .Z, it is easy to check that (D, A-'DA) € ¥ and
D +— (D, A-'DA) is a homomorphism of Lie algebras. Also (¢, —¢c) € & so
< @ kc is isomorphic to a subalgebra of & .

Conversely, suppose (D;, D;) € &. By Lemma 4.3, aD; = a;a for some
a; € k. Since B(aD;,a) = —B(a, aD;) we see a; = —a;. Moreover, if
y € W and yD; = bja + y;, then B(yD;, a) = —B(y, aD;) implies b; = 0,
so WD; C W. Let (E,, E;) = (Dy, D;) —ay(c, —c), so (Ey, E;) € & and
aE; =0 for i =1,2. Then for y € W, (ay)E; = (aEj)y + a(yE;) = a(yE;)
implies yAE; = yE;A, i.e., Eslw = A"'DA for D := E\|w, so (E;, E;) =
(D, 4-1DA). Also for y,86 € W, 0 = B(a, a)~'B(yA, 6)aE, = (y8)E; =
(yEl)é + ))(5E1) = B(a, a)‘l[B(yElA y (5) +B(VA, éEl)]a ,s0 D€ < and we
are done.

Theorem 4.5. Suppose dim.¥ > 4, dimV, =1, f = #(¥,B,s,t), st=
a, and ¢ € End.%” is defined by (4.4.1). Then [Z & k(c, —c)] < Der £ is
isomorphic to sl(2, k), where # = {E, gla, B € Vo}, E, p defined by (2.7.1).
Moreover, & «Der_# so Der £ is the direct sum of an sl(2, k) ideal and a
symplectic ideal.

Proof. A straightforward verification shows that if «;, 8, € V;; for i =1, 2,
then [E,, g, Eo, g1 = Ep o+ (D1, Dy), where g =2tB8, a=2sa,a;, and
(Dy, D) € & is defined by yD; := 2B(f2, y)ay — stha(ary) — 2B(B1, 7)az +
stBi(azy) and yD, :=2B(az, 7))y — stay(B1y) — 2B(ay, 7) B2 + stay(Bry) for
all y € ¥, and it is easy to check that if o, f € V;, and (D,, D;) € &, then
[Eq g, (D1, Dy)] = Ey g, where o = aD; and B’ = BD,, which are both
in V;; by Lemma 4.3. Since a/ =0 forall / € £ C ¥n and (c, —¢) is a
central element of &, we see that . «Der_# . Since dimVy, =1, dim# =2
and # is spanned by {E, o, Eo, s}, where a, f are nonzero elements of ¥,
with 8 = B(a, o) 'a. Hence # @ k(c, —c) is three dimensional and by the
previous formulas [E, o, Eo g] = 2(c, —¢), [Es,0, 2(c, —¢)] = 2E, 0, and
[Eo,p,2(c, —c)l = —2Ey 4,50 Z @ k(c, —c) is isomorphic to s/(2, k). That
X @ k(c, —c) is an ideal follows from Lemma 4.4 and Theorem 2.9.

Corollary 4.6. Suppose dim.% > 4 and dimV, = 1.
(i) If st = a, then Der # (% ,B,s,t) =L &sl(2, k), where & is a sym-
plectic Lie algebra, ¥ <Der # (¥, B, s, t), and sl(2, k)<Der # (¥, B, s, t).
(ii) If st # a, then Der # (¥, B, s, t) =L ®kc, where £ is a symplectic
Lie algebra, ¥ «Der # (%, B, s, t), and c is a central element of Der_ ¢
acting semisimply on & .
Proof. For (ii) use Corollary 2.10 and Lemma 3.1.

5. AUTOMORPHISMS

In this section we will determine the automorphism group of 7 (%, B, s, 1).
The following proposition is a straightforward verification.

Proposition 5.1. Suppose 7 = # (&, B,s, ).
(i) Suppose R = (R;, Ry) € GL(”) x GL(5) such that for all y,d €
S, B(R;,6R;) = B(y,8) and (y6)R; = (yR)(6R;) for i,j=1,2,i#].




NONCOMMUTATIVE MATRIX JORDAN ALGEBRAS 147

Then Agp € Aut ¢ , where AR is defined by

(5.1.1) (g Z,)AR: (5;2 Vgl).

(i) Suppose S = (S1,S2) € GL() x GL(S) such that B(yS;,0$:) =
B(y, ), s(y6)S) =1(y$:2)(6S2), and t(y9)Sy = s(»S1)(dS1) forall y,6 € 7.
Then Bs € Aut_# , where Bg is defined by

(5.1.2) (; Z,)BS: (ygz 55‘).

(iii) Suppose o, B € V. Then E,, Fg € Aut ¢, where E, and Fg are
defined by

(5.1.3) (c Y)Ea;= (C—B(a,é) )’+(C—d)a—B(a,6)a>,

5 d d +say d + B(a, d)
¢ y\ . c+B(B,7) v+ 1o
19 (5 5) R (54 @8 288, s o)

Note that E, is the exponential of the derivation E, o and Fj is the expo-
nential of the derivation Ey _g.

We will now show that Aut_# is generated by the Ar’s, Bs’s, E,’s, and
Fp’s. For this suppose E € Aut,# . Then ({9)E = (y7) so

(52) (5 a)5= ("W afal"s)

for some a, b € k and some a, B € . Also, there are linear mappings
E\, Ey, Fii, Fp ¥ -k and Ey,, Ey, Fi2, Fy 1 ¥ — & such that

0 y vE 7E12>
3 =
(3.3) (0 O)E (VEzl vEp
and

0 0\, (6F: O6F
(5-4) (5 0)E_<5F21 (SFzz)

forall y,d € &.
Lemma 5.5. (i) a(a—1)=b(b—-1) = B(a, B).
Qi) (b-a)a=0=(a—h)8.
(lll) E22 = —E“ and F22 = —F“ .
(iv)Ifa#0 or B#0, then a=b>.
Proof. Since (§0)E = (77 §) and (30)(59) = (g9), the computation of
(0)E(§ 0)E = (4 o)E sives (i) and (ii). For (iii), computation of

(93)£(02) 2= (00) == (00)

yields

(5.5.1) (yEn)? + B(yE1y, yEx1) = 0= B(yEa, 7E12) + (En)?
and
(5.5.2)  (YEu)(YE12) + (YEn)(YE12) =0 = (YEn)(VEn) + (VER)(VEn).
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By (5.5.1) (YEN1)? = (yExn)?*, so yEy = eyE;, for ¢ = £1. Therefore

(5.5.2) becomes (yE;; + €yE)(YE2) = 0 = (YEy; + €YE)(yE2) so either
yEy\  +eyE1; =0 or yE;; =0 = yE; . Butif yE|; =0 = yE,;, (5.5.1) gives
(yE11)? = 0= (yE»)? so (§})E = ({3), contradicting the nonsingularity of
E. Hence yE| + ¢yE;; = 0, so yEy = —yE;;. A similar argument with
(3)E(3S)E = (§3) shows 6Fy; = —6F; . (iv) follows directly from (ii).
Lemma 5.6. Suppose oo =0= f in(5.2). Then E = Ag, where R = (E|2, F3,),
or E = Bg, where S = (Fy3, Ey).
Proof. By Lemma 5.5(i) a and b can have only 0 and 1 as values. If a =0
and b =1, then (J9)E = (J),andif a=1 and b =0, then (j)E =
(g 8) , either case being a contradiction of the nonsingularity of E. Hence
a=b=0ora=>b=1.

Suppose a = b = 0. Then (§4)E = (54) 0 (o J)EQHE = (94)E
yields yE;; =0 and yE;; = 0 by Lemma 5.5(ii1). Hence

0 »\r-_ (0 7En
56.1) (9 3)5= (8 7).,
so E;; must be nonsingular since E is nonsingular. A similar argument with
(o DEQNE=(39)E vields 6F;; =0 and 6F;; =0, so

(5.6.2) (g 8)5:(5221 g)

and Fy; is nonsingular. (J2)E(30)E = (89,9 0)E gives B(yEiz, 6Fy) =
B(y,6) forall y,6 €%, and (§3)E(38)E = (o5, 9)E and (30)E(2Q)E =
(8 "(S)T)E yield (yn)F2 = (YE12)(nE12) and (67)E 2 = (6F21)(tF21) . Thus

¢ ?\p_( ¢ VE2\_[(c 7
(5 d)E_ (6le d )“ (5 d)AR’
where R = (Ep, Fy).
If a=b=1,then (§9)E = (4?) and calculations similar to the ones
above show E = Bg, where S = (Fi2, E»).
We now return to the general case.

Theorem 5.7. Aut_# is generated by the Ar’s, Bs’s, E,’s, and Fg’s of Propo-
sition 5.1.

Proof. By Lemma 5.6 it only remains to deal with the case a # 0 or g #0.
Assuming o # 0, we get a = b by Lemma 5.5(iv) so

(5.7.1) ((C) 2)E=(Czrda£dc)_ﬂc) dﬁfa_(cd)—ad))'

()’En J’Elz>
vEy —yEy

0Fy —0F, )’

By Lemma 5.5(iii)

(5.7.2) (8 g) E

and
(5.7.3) (g g) E
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Once we have shown o, f € V;;, then E,, Fg € Aut # , where E, and Fy are
defined by (5.1.3) and (5.1.4) respectively. If a =1, then ({)EE.Fp=(2?)
since B(a, f) = 0 by Lemma 5.5(i), so EE,Fg € Aut # is of the form Bs
by Lemma 5.6. If a# 1 and o' = (a—1)"'a, then (§9)EExF-p=(59) so
EEyF_g € Aut £ is of the form 4r by Lemma 5.6. Thus, the proof will be
complete once we have shown a, g € V.

To see that o € V;, we compute the diagonal terms of (
(*%P DE, (00)EQI)E=(03)E, and (37)E(30)E = (5
following identities:

08)E(50)E
9)E to get the

(5.7.4) (1-a)B(y, d) = (YEn)(6Fu1) + B(yE2, 6 Fn),
(5.7.5) aB(y, 6) = B(yEay, 6Fy) + (YEN)(0Fyy),
(5.7.6) ayEy = B(a, vEy),

(5.7.7) (1-a)yEn = B(B, yE12),

((5.7.8) (1-a)dF = -B(a, 6Fy),

(5.7.9)) adFy = -B(B,dF,).

Now if a # 1, E;; must be nonsingular, for if yE,; =0 for some y # 0, then
yE;, =0 by (5.7.7), so B(y, d) =0 forall 6 € ¥ by (5.7.4), contradicting the
nondegeneracy of B. Similarly, if a # 1, F,; is nonsingular by (5.7.8) and
(5.7.4). If a =1, then E;; and Fj; must both be nonsingular by (5.7.5),
(5.7.6), and (5.7.9). Computing the off-diagonal terms of (J2)E(J0)E =
(*%? 9)E, (9)EQN)E = (35)E. and (30)E(o0)E = (35)E vields the
following identities:

(5.7.10)  B(y, 6)a = (yE1)(6F12) — (0F11)(PE12) + {(yEn)(d Fa1),

(57.11) =B(7, 8)8 = OFi)(vEx) - En)OF1) + s(VEn) (6 F),

(5.7.12) (1 =a)yEy = —(yEn)B — s(yEnp)e,
(5.7.13) ayEy = —(yEn)a+ t(yEn)B,
(5.7.14) (1 —a)§F|2=(§F|1)a—t(5F21)ﬂ,
(5.7.15) adF>, = (0F)B +s(0Fp)a.

Suppose a # 1. Solving (5.7.8) for dF;; and (5.7.7) for yE;; and substi-
tuting into (5.7.4) yields

(5.7.16) (1-a)B(y,8) =—(1-a)"°B(B, yE12)B(a, 6Fy) + B(yEy2, 6 Fyy).

Solving for yE;; in (5.7.7), 6Fy, in (5.7.8), yE; in (5.7.12), and JdFj; in
(5.7.14) and eliminating these quantities from (5.7.10) gives

(5.7.17) B(y,d)a=—-(1-a)B(yE\2, B)B(6Fy, a)a
+(1-a)~'B(a, 6F)(7E1)
+(1-a) 'stla(yEn)(0Fa) -

We now multiply (5.7.17) by (1 —a) and (5.7.16) by « to obtain
(5.7.18) 0= B(a, 6F)(7E12) + stla(yE2)[(d Fa1) — B(yEr2, d Fa)e.

Hence o satisfies (2.6.1) since E;; and F;; are nonsingular when a # 1, so
a € Vst .
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If a =1, a similar argument using (5.7.5), (5.7.6), (5.7.9), (5.7.11), (5.7.13),
and (5.7.15) proves B € V;,. The computations showing g € V;, if a# 1 and
a € Vy if a=1 are also similar to the one above.

Corollary 5.8. Suppose Vts—' € k. Then T € Aut_# , where T is defined by

(5.8.1) (g Z,)T:: (\st—_,y ‘V’SC_—"S).

Moreover Aut # is generated by the Ar'’s, E,’s, Fg’s,and T.

Proof. That (5.8.1) defines an automorphism of _# is an easy check. The rest
follows from Theorem 5.7 and the fact that TBg = Ag forall Bg € Aut ¢, S =

(Si, S,), where R = (Vst=18;, Vis™1S,).
The following relations among the generators of Aut_# are easy verifications.

Proposition 5.9. Let 6 : GL(Y) x GL(.¥*) — GL(%) x GL(%’) be defined by
(Rl 5 R2)0 = (RZ’ Rl) .
(l) ARAS = ARS, where RS = (R|S] , R2S2) fOF R = (Rl , R2) and S =
(51, 82).
(ll) ARBS = B(Rg)s and BsAR = BSR .
(iii) BrBs = A(re)s -
(iv) If o, B € Vy, then E,Ar = ARE.r, and FgAr = ArFgg, for R =

(Rl ) RZ) .
(v) If a, B € Vy, then E,Bs = BsFas2 and F,gBS = BSEﬂS| for § =
(Sl ’ S2) .

(vi) If a, B € Vy, then E;' = E_, and F,,,‘l =F_g.
(vii) Suppose Vts—'ck. Then T-' =T .

Let G := {(Ri, R;) € GL(&) x GL(%) | B(yR;,dR;) = B(y,d) and
(y0)R; = (YRj)(0R;) for all y,d € &} and let C, be the cyclic group of
order n. R= (R, R;) € G if and only if Ag € Aut_# , so we may regard G
as a subgroup of Aut_# via the identification R « Ap.

Corollary 5.10. Suppose ¥ = #(&,B,s,t) and dimVy, = 0. Then either
Aut f =G, or GaAut # and Aut £/G = C,. If Vst=! € k, then Aut # =
G x Cg.

Recall that % := {(D,, D;) € ¥ | D, = D,}.

Lemma 5.11. Suppose k is algebraically closed, dim.% < 0o, & is not abelian,
Der # = %, and & is an irreducible Sy-module. Then Aut_# = (Autg. ¥ x
C3) x Cy, where Autg.%” .= {R € Aut.” | B(yR, 6R) = B(y, d) forall y,d €
FY.

Proof. Since Der ¢ =%, where ¥ = #(¥,B,s,t), dimV, =0 by The-
orem 2.9. Hence by Corollary 5.10 Aut_# = G x C, since k is algebraically
closed. Thus it is only necessary to show that G = Autg.” x C3. Suppose
(Ri,Ry) € G and (D, D) € Der,#. Then (R;, R)~'(D, D)(Ry, R;) =
(R{'DRy, R;'DR;) € Der#. Since Der,f = %, we have R{'DR| =
R;'DR;,ie., DR{R;' = R{R;'D forall (D, D) € Der # . Since & isan ir-
reducible Z-module (where the action is defined by y-(D, D) := yD), we have
RIRZ" =cI forsome c € k, ¢ # 0, by Schur’s Lemma. Hence R, = cR;.
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Since .% is not abelian and c(yd) = (y6)RiR;' = (YRR{)(ORRT') =
c~%(y8), we get ¢ = 1. Thus (cRy,c) € Autg.¥ x C;3. Conversely if
(R,c) € Autg.# x Cj3, it is easy to check that (c"!R,c 2R) € G and we
are done.

We now consider the dim V;; = 1 case.

Theorem 5.12. Suppose k is algebraically closed, dim.¥ > 4, and dimV, = 1.
Then G = H x k*, where H is a symplectic group and k* is the multiplicative
group of k. Also the copy of H in G is a normal subgroup of Aut_ ¢ .

Proof. By Theorem 4.2, % = ka 1L W relative to B, where V, = ka, and
the multiplication in %/ is given by (4.2.9), where 4 € GL(W) is defined
by yA4 := ay. Moreover, for all y € W, B(yA, yA) = —a~'B(a, a)B(y, y)
and 42 = a~'B(a, a)I. Hence (y,d) := B(y4, J) is a nondegenerate skew-
symmetric bilinear form on W and so H := {R€ GL(W) | (yR, dR) = (y, J)
for all y, 6 € W} is a symplectic group. For R € GL(W) define R € GL(.¥)
by (aa+ y)R = aa + (yR) for y € W. It is easy to check using (4.2.9) that if
Re H,then (R, A-'RA) € G. Also, if f € k*, then (Ry, R;-1) € G, where
Ry € GL(”) is defined by

(5.12.1) (ae+7)Ry:=af*a+ fy
for y € W. Thus H x k* is isomorphic to a subgroup of G.

Conversely, suppose (R;, R;) € G. Then aR; satisfies (2.5) for i=1,2 so
aR; = e;a forsome e; € k*, i =1, 2, and since B(aR,, aRy) = B(a, a), e; =
e2'l = e. Moreover if y € W and yR;, = a;a + J;, then 0 = B(a, y) =
B(aRj, yR;) = B(eja, aja + J;) = eja;B(a, o) implies a; = 0, i.e., WR; C
W . Thus from (ay)R; = (aR;)(yR;) we get yR; = ¢;yA"'R;A for y € W
and from (y6)R; = (YR;)(0R;) we get e;B(y4,6) = B(yR;A, 0R;) for all
y,0 € W. Let f € k* such that e = f? and define S € GL(W) by S =
(RiRy)|w , where R is defined by (5.12.1). Then § € H and (R, R;) =
(S, A='SA)(Rs-1, Ry),s0 G = Hxk*. Clearly H<G . Using the identification
of G with a subgroup of Aut_# given above, we can regard H as a subgroup
of Aut_# . The relations in (iv) of Proposition 5.9 show that H is normalized
by the E,’s and Fg’s. H is also normalized by the mapping 7 defined by
(5.8.1), so H<Aut_# by Corollary 5.8.

The rest of the relations in the dim V;; = 1 case are given by the following
proposition.

Proposition 5.13. Suppose dim.¥¥ > 4,dimV, = 1, ¢ = #(¥,B,s,1t),
where st =a, and o, B €V,. Then
(l) EaEp = Ea+/g and FaF/g = Fa+ﬂ .
(ii) If B(a, B) = —1, then E,Fg = BsE_,,, where S = (S), Sy) is defined
by
(5.13.1) 08, :=tpd — B(a, d)a,

(5.13.2) »S2 :=say — B(B, 7)B.
(iii) If B(a, B) # —1,let a= —(B(a, B)+ 1), =a'a, and B’ = ap.
Then E.Fg = ARF_p E_,/, where R = (R, R;) is defined by

(5.13.3) YRy :=—ay+ BB, y)[-1+a' -a e,
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(5.13.4) O0R; :=-a"'6+B(a, d)[l —a-a'p.

Recall that C(x, y) := trace(xy) for all x, y € £ . The proof of the fol-
lowing proposition is straightforward.

Proposition 5.14. C(xE, yE)=C(x,y) forall E € Aut # andall x,y € 2.

6. ISOMORPHISMS

Turning now to isomorphisms between 4 = # (A, By, s, ;) and % =
F (S, By, 53, 1), we have the following theorem, whose proof is quite similar
to the proof of Theorem 5.7 and so is omitted.

Theorem 6.1. Suppose E : A — % is an isomorphism of Jordan algebras. Then
there is a C € Aut_#% such that EC has one of the following forms:
(1) (§5)EC = (55, "R1), where Ry, Ry : A — % satisfy

(6.1.1) By(yRy, 6Rz) = By(7, 9),
(6.1.2) 1115 (76)Ry = (yR2)(dR2),
(6.1.3) 5185 ' (y6)Ry = (YR1)(6Ry)

forall y,6 € A, or
2) (5)EC= (ygz 551) where Si, S, : A — S satisfy

4

(6.1.4) By(S1, 682) = Bi(y, 9),
(6.1.5) ity (76)S) = (¥52)(8S2),
(6.1.6) 11551 (76)S2 = (¥S1)(6S1)

forall vy, € #A.

Conversely, if Ry, Ry : A — & satisfy (6.1.1), (6.1.2), and (6.1.3), then
E: A — % defined by ({})E := (55, '5') is an isomorphism of Jordan
algebras, and if Si,S; : A — % satisfy (6.1.4), (6.1.5), and (6.1.6), then

F: 4 — % defined by (§})F := (y‘;z %51) is an isomorphism of Jordan

algebras. Moreover, if {/t1s; Y"e k and E : A — % is an isomorphism of
Jordan algebras, then it is possible to choose C € Aut_% so that EC has form

(1).

A bijective linear mapping R : ¥ — %5 is a scalar isomorphism if there is
an xg € k, xg # 0, such that for all y, d € A

(6.2) (¥6)R = xr(YR)(OR).

If there is a scalar isomorphism from 4 to %3, then .# and %5 are scalar
isomorphic. xg is the scaling factor of R. Note that xgR is an isomorphism
from A to .

Suppose S € GL(-#]) such that for all y,d € A

(6.3) B\(yS, d) = Bi(y, dS3),
and there is a ws € k, wg # 0, such that for all y, d € A

(6.4) ((¥5)(8))S = wsyd.
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We can define a new product -5 on 4 by

(6.5) 50 :=(y9)S
and a new nondegenerate symmetric bilinear form Bg by
(6.6) Bs(y,6) = Bi(yS7", 9).

It is easy to check that % with the product - is an anticommutative algebra
and By is associative. We will refer to .#{ with the product -s as 5.

Theorem 6.7. Suppose {/t5; Yek. Then A = _% as Jordan algebras iff there
isan S € GL(#) satisfying (6.3) and (6.4) with ws = tl‘lsltzsz’l and a scalar
isomorphism R : %% — %% with xg = tl“tz such that R is an isometry from
Bs to B,.
Proof. First suppose S € GL(.%) satisfies (6.3) and (6.4) with ws = ;518,57
and R : % — % is a scalar isomorphism with xg = tl“tz such that R is an
isometry from Bs to B,. Define E: % — % by (51)E = (53 "5F). Then
E is an isomorphism of Jordan algebras.

Conversely, suppose £ & _% . By Theorem 6.1 we can find an isomorphism
E: A — % of Jordan algebras such that (J})E = (6§2 "5') , where Ry, R;:
F — S satisfy (6.1.1), (6.1.2), and (6.1.3). If welet S = R{R;' and R=R,,
then S satisfies (6.3) and (6.4) with wg = t7's1t25;7', R: %% — 5 is a scalar
isomorphism with xz = tl“tz, and R is an isometry from Bg to B,.

Suppose A, By, S, t; are given and S € GL(#]) satisfies (6.3) and (6.4)
for some wg € k, wg # 0. Forany T € GL(%]) and any x € k, x # 0,
we can define a new product -7 and a new bilinear form Br on 4 by
yeord:=[(yT™1) s (6T~1]T, where -5 is defined by (6.5), and Br(y, d) :
x*Bs(yT~',8T~"!), where Bg is defined by (6.6). Now if we define R
x~!T, then R is an isometric scalar isomorphism from (], -5, Bs) to
(A, -, Br) and xg = x. By Theorem 6.7

F (A, B, 51, 0) =2 F (A, T, Br,s, b)),

where £, = xt; and s, = {7 'sitbwg' and every (5, B;) such that A = %

is isometrically isomorphic to (A, -, Br) for some choice of S, T, and x.
Thus it is clear that the question of which (%%, B,) gives % isomorphic to
A for given A, By, 51, t; reduces to the study of those S € GL() which
satisfy (6.3) and (6.4).

Finally we have the following proposition, whose proof is straightforward.

Proposition 6.8. Suppose S, T € GL(#,) both satisfy (6.3) and (6.4) with ws =
wr. Then %% = % under an isometry from Bs to Br iff there are R, R, €
GL(A) such that for all y, d € A

(6.8.1) Bi(yRy, 0Ry) = By(7, 9)

and

(6.8.2) (yO)Ri = (YRj)(OR;) fori,j=1,2, i#],
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and T = RiSR; V. In this case, Ry : % — % is an isometric isomorphism.
Also, if S € GL(S) satisfies (6.3) and (6.4) and Ry, R, € GL(A) satisfy
(6.8.1) and (6.8.2), then T := R\SR;" satisfies (6.3) and (6.4), with wr = ws .

Note that if R, R, € GL() satisfy (6.8.1) and (6.8.2), then Ar € Aut_#
for R = (R, Ry). The actual computation of {S € GL(5]) | S satisfies (6.3)
and (6.4) } may be quite difficult for particular %], but we note that (6.3) and
(6.4) together imply that S is in the structure group of ¥, about which much
is known, at least for commutative Jordan algebras.

7. RELAXING THE st # 0 REQUIREMENT

If we assume that s or ¢ is zero, then results similar to the ones in the
previous sections are true and are stated here without proof. Verification of
these statements depends on calculations that are like those appearing elsewhere
in this paper.

Theorem 7.1. Suppose s=0 or t=0 and ¥ = #(¥,B,s,t). Then

(i) # is central simple.

(ii) Let & be the set of (D, D;) € Endy . @ Endy % satisfying the following
forall y,d6 €7

(7.1.1) B(yD;, 6)=—-B(y,dDj) fori,j=1,2, i#],
and
(7.1.2) ifs#0:(y6)Dy = (yD1)d + y(dDy),
or
(7.1.3) ift#0:(y6)Dy = (yD2)d + y(6D3).
Then Der # =% where the action of (D, D;) € Z is given by (;1,)(Dy, D)
= (5%2 ygl) :
(iii) Let R = (R;, Ry) € GL() x GL(%) satisfy
(7.1.4) B(yR;,0Ry)=B(y,d) forall y,6 €.

Define Ag, Br € GL(,#) by

c vy _( ¢ ¥R c vy _( d O6R;
(5 d)AR" (5R2 d) and (5 d>BR‘_ <yR2 c )

Then:
(1) If s=t=0or.% is abelian, Aut_# = {Ag, Br| R satisfies (7.1.4) }.
(2) If s#0, t =0, and & is not abelian, Aut,# = {Ar | R satisfies
(7.1.4) and (y6)R, = (yR\)(OR,) forall y,d € F}.
3) If s=0, t #0, and & is not abelian, Aut # = {Ar | R satisfies
(7.1.4) and (y0)R; = (yR2)(0Ry) forall y,d € &}.

Finally, we note that results similar to those of Theorem 7.1 are true for #
when the multiplication in _# is not defined by (1.2), but rather by the more
general formula

a o c vy
B b 0 d
ac + z1B(a, 9) x1ay + (1 — x1)by + yrda
=1 X200 + (1 —x3)ad +ycf +(1 —yr)ca+tBo

+(1 =y)dB + say bd + z,B(B, y)
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where x(, X2, V1, V2, 21, 22 € k are arbitrary with z; # 0, z, # 0. We get
(1.2) from (7.2) by choosing x; = x; = y; = y» = z; = z = 1. In fact, the
only choices for these scalars that give a noncommutative Jordan algebra are
X1 =X, =y =y, =1 and z; = z, and we have dealt with these in our
previous results.
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